REMOVAL OF SINGULARITIES AND GROMOV COMPACTNESS 

FOR SYMPLECTIC VORTICES 



ANDREAS OTT 

Abstract. We prove that the moduh space of gauge equivalence classes of symplectic 
vortices with uniformly bounded energy in a compact Hamiltonian manifold admits a 
Gromov compactification by polystable vortices. This extends results of Mundet i Riera 
and Tian for circle actions to the case of arbitrary compact Lie groups. Our argument 
relies on an a priori estimate for vortices that allows us to apply techniques used by 
McDuff and Salamon in their proof of Gromov compactness for pseudoholomorphic 
curves. As an intermediate result we prove a removable singularity theorem for vortices. 



1. Introduction and main results 

For any compact Lie group G and any Hamiltonian G-manifold (M, cu, /i) with moment 
map /x: M — > g, Cieliebak, Gaio, and Salamon [2], PP, [1] and Mundet i Riera and Tian 
[T7] . [T8] . [1], [I9] studied the symplectic vortex equations 

9j,a(m) = 0, F4 + dvols = 

for pairs (A, u), where A is a connection on a fixed G-bundle P over a compact Riemann 
surface S equipped with a fixed complex structure and a fixed area form dvols, m is a G- 
equivariant map P M, and J: S ^ J'g{M,u) is a family of G-invariant cj-compatible 
almost complex structures on M. Solutions of these equations are called vortices and 
may be regarded as gauge-theoretic deformations of J-holomorphic curves in M. For 
proper moment map /x and M equivariantly convex at infinity, Cieliebak et. al. [1] proved 
that the moduli space of gauge equivalence classes of vortices with uniformly bounded 
energy is compact under the additional assumption that M is symplectically aspherical. 
The latter condition means that the symplectic form u vanishes on all spherical homology 
classes in M and ensures that no bubbling occurs. If it is dropped, one may construct a 
compactification of the moduli space by means of polystable vortices in a way similar to 
the Gromov compactification of the moduli space of pseudoholomorphic curves 
M, [20], [21], [ni, [IS|. This was first carried out by Mundet i Riera [IS] for G = 
and fixed complex structure on S, using the compactness results for pseudoholomorphic 
curves of Ivashkovich and Shevchishin [12| (see also Siebert and Tian [21] )• Later Mundet 
i Riera and Tian [19j constructed a compactification for G = also for varying complex 
structure on S. 
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In this article we prove Gromov compactness for symplectic vortices (Theorem II .81) for 
an arbitrary compact Lie group G and fixed complex structure on S, applying the tech- 
niques used by McDuff and Salamon [16] in the context of pseudoholomorphic curves. 
This result crucially relies on a removable singularity theorem for vortices on the punc- 
tured unit disc (Theorem II. ip . 

The result of this article is part of a joint project with E. Gonzalez, C. Woodward, 
and F. Ziltener [5] which is concerned with the study of vortices with fixed holonomy at 
infinity on punctured Riemann surfaces with fixed complex structure for arbitrary com- 
pact Lie groups G, with the goal of defining the corresponding gauged Gromov- Witten 
invariants for convex Hamiltonian G-manifolds. Moreover, the Gromov compactification 
constructed in this article is used by Gonzalez and Woodward [6], [7] to define gauged 
Gromov- Witten invariants for smooth projective G-varieties. 

We now state the two main theorems of this article. Let G be a compact Lie group. 
Let g be the Lie algebra of G, equipped with a fixed G-invariant inner product denoted 
by (■, ■)g. Let (M, tu,//) be a compact Hamiltonian G-manifold with symplectic form uj 
and moment map /i: M — >■ — 0, where we identify the Lie algebra with its dual 
0* by means of the invariant inner product on g. The action of G on M gives rise to 
an infinitesimal action of g on M, and we denote by the Hamiltonian vector field 
on M associated to the element ^ G g. We denote by Jg{M,u) the space of smooth 
G-invariant a;-compatible almost complex structures on M. 

Our first result is a removable singularity theorem for vortices on the punctured disc. 
Denote by -B C C the closed unit disc, and write the coordinate on C as 2; = s -|-i t. Fix a 
smooth family J: S — > J'g{M, uj) of G-invariant ci;-compatible almost complex structures 
on M and a smooth function X: B ^ (0, 00). We denote the corresponding family of 
Riemannian metrics on M by (■, ■)j := uj{-, J-). The symplectic vortex equations on 
the punctured unit disc are the system of nonlinear partial differential equations 



where $, B \ {0} g are smooth functions and u: B \ {0} ^ M is a smooth map. 
A triple ($,\E','u) that solves equations (11. ip will be called a vortex. We define the 
Yang-Mills-Higgs energy of a vortex ($, '^,u) by 



where the norms are understood with respect to the metric (■, ■) j on M and the inner 
product (■, ■)g on g. Note that this energy may be infinite. 



dsU + X$(m) + J{dtu + X^{u)) = 



(1.1) 




(1.2) 
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Theorem 1.1 (Removal of singularities). Let be a smooth vortex on the punc- 

tured disc B \ {0}, and assume that the following holds. 

(i) $ and \E' extend continuously to all of B. 

(ii) ($,\E','u) has finite Yang-Mills-Higgs energy E{(^,'^ ,u) < oo. 
Then u is of class W^''^ on B for every real number p > 2. 

We will prove Theorem 11.11 in Section [3l This result will play a crucial role in the 
proof of Gromov compactness for vortices. 

Remark 1.2. Assumption (i) in Theorem 11.11 implies that the limit holonomy at of the 
singular connection $ ds + ^ dt on the punctured disc B \ {0} is trivial. 

The main result of this article is Theorem 11.81 below, which establishes Gromov com- 
pactness for vortices. Before we can state it we need to introduce some notation. 

We first recall from Section 2 in Cieliebak et. al. pQ the definition of the symplectic 
vortex equations on compact Riemann surfaces. Let E be a compact Riemann surface 
endowed with a fixed complex structure js and a fixed area form dvol^. Let vr: P ^ S 
be a fixed principal G-bundle. Let J: S ^ J'g{M,u!) be a smooth family of G-invariant 
tu-compatible almost complex structures on M. As before, we denote the corresponding 
family of Riemannian metrics on M by (■, ■)j := uj{-, J-). We shall write A{P) for the 
space of smooth connections on P and C^{P, M) for the space of smooth G-equivariant 
maps P ^ M. For any pair (A, u) G A{P) x Cq{P, M) we denote by 

:= du + Xa{u) 

the twisted derivative of u and define the corresponding nonlinear Cauchy-Riemann 
operator by 

^j,a(m) := ^ {(^au + J{u)o o j^) . 

The symplectic vortex equations on the Riemann surface S are the system of non- 
linear partial differential equations 

dj,Aiu) =0, Fa + fiiu) dvolE = (1.3) 

for pairs {A, u) G A{P) x C^{P, M), where Fa denotes the curvature form of the con- 
nection A. Its solutions are called vortices. We define the Yang-Mills-Higgs energy 

of a vortex {A, u) on an open subset t/ C S by 

E{A, u- U) := ^ Q |d^n|; + \^^{u)\^ dvol^, 

and write E{A, u) for the Yang-Mills-Higgs energy of {A, u) on E. The norms appearing 
in this definition are understood with respect to the metric on E determined by the area 
form dvols and the complex structure js, the metric (■, ■) j on M, and the inner product 
(■, ■)g on g, respectively. 
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Remark 1.3. Equations (11.11) are a local version of equations ( 11. 3p in the following sense. 
Let C C be an open subset of C, and let y?: C D D ^ S be a holomorphic chart 
map which trivializes the bundle P. Fix a lift (f: D ^ P oi this map. A vortex {A, u) 
satisfying equations (II. 3p determines a smooth triple ($, \E',m'°'^) on D by the relations 

(^*y4 = $ ds + \1/ dt and = m o ^. 

The area form dvols gives rise to a smooth function A : ^ (0, oo) by 

LP* dvols = AMs A dt. 

A short calculation (see [T], Proposition 2.2) now shows that the triple ($, m'°^) satisfies 
the vortex equations 

+ X$ + ( J o ,^) + = 

- dt^ + [$, ^] + AV(^^'°') = 

on D. Moreover, the Yang-Mills-Higgs energy density of ($, \E',m^°'^) can be expressed in 
terms of (A, u) by 

+ X^{u'°% + A^ r = Q|d^« o ^1'^^^ + |;x(w o ^)|'^ . A^, (1.4) 

and the Yang-Mills-Higgs energies of ($, \1/,m^°'^) and {A,u) are related by 

E{^,^,u'°'-D) = E{A,u-^{D)). (1.5) 
This justifies the ad hoc definitions at the beginning of this section. 

Next we introduce polystable vortices and give a precise definition of Gromov con- 
vergence for a sequence of vortices. We begin by recalling some basic facts about trees 
and nodal curves from McDuff and Salamon [16], Section D.2, modifying the notation 
and terminology a little. A tree is a directed connected graph without cycles. We will 
denote it by (V, E), where V" is a finite set of vertices and E dV is the edge relation. 
A rooted tree is a tree (V", E) which has a distinguished root vertex G V^. We will 
indicate this in the notation by writing the set of vertices as a disjoint union 

K = {0} U Vs. 

The elements of Vs are called spherical vertices. Note that V always contains the root 
vertex whereas Vs may be empty. Let n be a nonnegative integer. An n-labeled tree 
is a triple T = (V, E, A) consisting of a rooted tree (V = {0} U Vs, E) and a labeling 

A: {1, . . . , — >V, i ^ ai. 

Given an n-labeled tree T = {V = {0} U V^, E, A), we mean by a normalized nodal curve 
of combinatorial type T a tuple 

(S,z) := ({Sajag {^a/3}a£;/3, 2;i}l<j<ri), 

often just written as 
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consisting of a compact Riemann surface Sq, called the principal component associ- 
ated to the root vertex 0, a spherical component := for every a E Vs, nodal 
points Zai3 G labeled by the directed edges aEP of T, and n distinct marked points 
Zi e Eq,, i = I, . . . ,n, such that for every a E V, the points Za/3 for aEP and Zi for ai = a 
are pairwise distinct. For a G we denote the set of nodal points on the component 
by 

Za ■= {zap I aE(3], 
and we define the set of special points on Sq, by 

Ya ■= Za U {zi I ai = a}. 

If two vertices a,P &V are not connected by an edge, denote by Za/3 the unique nodal 
point on which corresponds to the first edge on the chain running from a to (3. As a 
special case of this, we define the point Zoi on the principal component Eq to be 

_ I Zi if = 0, 

Zoi . — \ 

yzoa, if ai e Vs 

In other words, if Zi lies on a spherical component, then z^i is the unique nodal point on 
the principal component at which the bubble tree containing Zi is attached. Otherwise, 
ZQi coincides with Zi. 

We shall denote by P{M) := (P x M)/G S the symplectic fiber bundle associated 
to the G-bundle P — > S and the G-manifold M. 

Remark 1.4. We may equivalently think of a G-equivariant map u: P — M as a section 
m: S — >■ P{M). In fact, this section is defined by 

[p,u{p)] e P{M), Tr{p) = z, 

where it: P ^ S is the bundle projection. We will usually not distinguish between these 
two viewpoints in the notation and switch freely from one to the other, depending on 
the situation. 

We are now in a position to give the definition of Gromov convergence for a sequence 
of vortices. Our definition is adapted from the definition of Gromov convergence for 
sequences of pseudoholomorphic curves in McDuff and Salamon [16], Section 5.2. Similar 
definitions of Gromov convergence for vortices were given before by Mundet i Riera [TH] , 
Gonzalez and Woodward [6], [7], and Ziltener [26j . 

Definition 1.5 (Polystable vortices). Fix a smooth family J: E — ^ J'g{M,lj) of G- 
invariant cj-compatible almost complex structures on M, and a complex structure and 
an area form dvols on S. Let n be a nonnegative integer, and let T = {V = {0}L\Vs, E, A) 
be an n-labeled tree. A polystable vortex of combinatorial type T is a tuple 

(A, U, z) := {{A,Uo), {Ua}aeVs: {Zal3}aEf3, {Oii, Zi}i<i<n) 

consisting of 
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• a normalized nodal curve {{T,a}aev, {zai3}aEi3, {c^i, Zi}i<i<n) of combinatorial 
type T with principal component Sq = S; 

• a vortex {A, uq) on the principal component Sq; 

• a JzQ^-holomorphic curve Ua'- Sq, ^ P{M)zq^ in the fiber of P{M) over the nodal 
point Zoa £ ^0 for every a E Vs 

such that the following conditions are satisfied. 

(Connectedness) Ua^Zap) = Ujs^zpo) for all a,(3 eV such that aE[3. 
(Polystability) \Yc\ > 3 for all a eVs such that Ua is constant. 

To understand the meaning of the (Connectedness) condition in the case a = 0, we 
think of the G-equivariant map u^: P — > M as a section mq: S — > P{M) as explained in 
Remark ll.4[ The (Connectedness) condition then means that ^0(2:0/3) = Uis^Ziso) in the 
fiber of P{M) over the nodal point Zo/3 ^ ^o- 

Remark 1.6. The J^^^-holomorphic curves Mq,: ^ P{M)zg^ are also called spherical 
fiber bubbles. Fixing an identification P(M)^q^ = M, they may be regarded as ordi- 
nary J^o^-holomorphic curves —>■ M. To make this more precise, for each point p E P 
we define a trivialization of the fiber of the bundle P{M) over the point 7r(p) by 

Lp-. M ^ P{M)^(p) = P^^p) XgM, x^[p,x], 

where vr : P ^ E denotes the bundle projection. In this way, the map Ua- E^ — > P{M)zq^ 
is seen to be equivalent to the family of pairs 

{Pa,ip^OUa: M), 

where pa ranges over the fiber P^^^ . 

Given a polystable vortex (A, u, z) of combinatorial type T = {V = {0} U Vs,E,A), 
we define its energy to be 

EiA,u) ■.= E{A,uo)+ J2 ^M' 

where E{A,uo) is the Yang-Mills-Higgs energy of the vortex {A,uo), and E{ua) denotes 
the energy of the J^^^-holomorphic curve E„ — > P{M)z^^^ (see [16], Section 2.2). As 
a special case of Definition II. 5[ by an n-marked vortex we mean a tuple 

(A,M,Z) = (v4,M, Zi,...,Z„) 

consisting of a vortex (A, u) and a sequence zi, . . . , 2;„ of distinct marked points on E. 
Furthermore, for every real number p > 2 we denote by A^'^{P) the space of connections 
on P of class W^'^ and by Wq^{P, M) the space of G-equivariant maps m: P — > M of 
class VT^'P. The group Q'^'^{P) of gauge transformations of P of class W'^''^ acts on 
the space A^^p{P) x l^(i,'^(P, M) from the right by 

g*{A,u) := {g-^Ag + g-^dg,g-^u) 
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(see [22], Appendix A for details). The vortex equations (11.31) and the Yang-Mills-Higgs 
energy are invariant under this action. 
For -2o G S and r > 0, denote by 

Br{zo) := {-s; G S I \z — Zo\ < r} 

the closed geodesic disc in S of radius r centered at the point Zq, understood with 
respect to the metric determined by the area form dvolg and the complex structure js. 
Let i? C C be the closed unit disc. 

Definition 1.7 (Gromov convergence). Fix a smooth family J: S ^ Jg{M,uj) of G- 
invariant cj-compatible almost complex structures on M, and a complex structure js and 
an area form dvols on S. Let n be a nonnegative integer, and let T = {V = {OjUVs, A) 
be an n-labeled tree. A sequence of ra-marked vortices 

(Ajy, Uy, Z^) = (Ajy, Uu, Zl, . . . , Z„) 

is said to Gromov converge to a polystable vortex of combinatorial type T 

(y4,U, Z) = {{A,Uo), {UajaeVs, {^apjaEfS, {ai, Zi}i<i<n) 

if there exist 

(a) a real number p > 2 and a sequence of gauge transformations G Q'^'^{P) of 
the bundle P; 

(b) a positive real number r such that Br{zoa) H = {zoa} for every nodal point 

Zoa G Zq] 

(c) a holomorphic disc ipa - B ^ Br{zoa) such that (pa{0) = ZQa, for each a G V^; 

(d) a sequence of biholomorphic maps cp'^ G Aut(SQ,), for each a G V, where we 
define (pQ := id^o for all u 

such that the following holds. 
(Map) The sequence 

(gt^u, gu^uy, {(gu^uy) o ip,,^ o (j)''^} ^^^^^ 

converges to 

{A,Uo, {Ua}a€Vs) 

in the following sense. 

(i) The sequence {glA^, g~^Uy) converges to {A, uq) strongly in the C°°-topology 
on every compact subset of Sq \ ^o- 

(ii) For every a E Vs the sequence 

where 

:= m-'B c c 
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is an open subset of the bubble Sq,, converges to 

strongly in the C°°-topology on every compact subset of \ Zq,. 
(Energy) The sequence E{Ai,,Uy) converges to E{A,\i). 
(Rescaling) If G Vs are such that aE(3 then the sequence 

■■= i€r'or, 

converges to in the C°°-topology on every compact subset of \ {zf^a}- 

(Marked point) For each i = 1, . . . ,n, the sequence of marked points z'j^ con- 
verges in the following sense: 

(i) If ai = 0, then the sequence z^ converges to Zi in Sq. 

(ii) If ai G V^, then the sequence {(fizoc^ ° 4>aJ~^i^i) converges to Zi in E^.. 

With this definition we can now state the main result of this article. 

Theorem 1.8 (Gromov compactness). Let n be a nonnegative integer. Let {A,y,Uu, z,j) 
be a sequence of n-marked vortices whose Yang-Mills-Higgs energy satisfies a uniform 
bound 

su'p E[Ay,Ui,) < oo. 

Then the sequence {A^,, u^, Zy) has a Gromov convergent subsequence. 
We will prove Theorem 11.81 in Sections H] and [51 

This article is organized as follows. In Section [2] we establish an a priori estimate for 
vortices, which plays a central role in all subsequent arguments. This estimate is used 
in Section [3] to prove the Removable Singularity Theorem 11.11 The proof of the Gromov 
Compactness Theorem 11.81 is divided into two parts. In Section |4] we prove compactness 
for vortices on the principal component, ignoring any bubbling in the fibers. Section [5] is 
then concerned with the actual construction of the Gromov compactification, beginning 
with two preparatory subsections. In Section 15.11 we explain how vortices may naturally 
be considered as pseudoholomorphic curves, and in Section 15.21 we adapt the bubbling 
analysis from McDuff and Salamon [TB] to our situation. We close with the actual proof 
of Gromov compactness in Section 15.31 by combining results from the earlier sections. 

Acknowledgments: I am very grateful to my supervisors Dietmar Salamon and Christo- 
pher Woodward for their encouragement and support, and for all their help in writing 
this article. I am also indebted to Fabian Ziltener for many helpful discussions, and I 
would further like to thank Eduardo Gonzalez, Tobias Hartnick, and Jan Swoboda for 
their valuable comments. Finally I would like to thank the Mathematics Department at 
Rutgers University for their hospitality and excellent working conditions. 
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2. A PRIORI ESTIMATE 

The goal of this section is to prove an a priori estimate for symplectic vortices. Special 
cases of this estimate were proved before by Gaio and Salamon [4| , Frauenfelder [3] , and 
Ziltener [27]. In fact we will prove two versions of this estimate, a local version for 
vortices on the punctured unit disc, and a global version for vortices on the Riemann 
surface S. Let us consider the local case first. 

Recall from the previous section that we denote by i? C C the closed unit disc, with 
complex coordinate z = s + it. Fix a smooth family J: B ^ J'g{M,uj) of G-invariant 
C(j-compatible almost complex structures on M and a smooth function X: B ^ (0, oo). 
Let zq & B and r > be such that the closed disc 

Br{zo) := [z E C \ \z — Zq\ < r} 

is contained in B. Extending the terminology introduced in Section [T], a triple ($, u) 
consisting of smooth functions $, Br{zo) Q and a smooth map u: Br{zo) ^ M is 
called a vortex on the disc Br{zQ) if it is a solution of the vortex equations 

dsU + XJu) + Jidtu + XM) = 

(2.1) 
a,^ - 9t$ + [$, ^] + A VH = 0. 

The Yang-Mills-Higgs energy density of the vortex ($, \1',m) is the function 

e($, := \dsU + Xci,{u)\] + 
and its Yang-Mills-Higgs energy is defined by 

E{^,-^,u;Br{zo)) := / e($, ^, m) ds A dt 

JBrizo) 

The vortex ($, satisfies the following basic a priori estimate. 

Theorem 2.1 (A priori estimate, local version). Fix a smooth family J: B ^ J'g{M,uj) 
of G-invariant uj- compatible almost complex structures on M and a smooth function 
A: i? — > (0, oo). Then there exist constants 6 > and C > such that for all zq E B 
and all r > such that Br{zo) C B the following holds. If \l/,u) is a vortex on the 
disc Br{zo), then 

E{^,^,u;Brizo)) <5 =^ e(<l>, ^, m)(^o) < ^ ■ ^($, ^, S,,(;2o)) • 

This a priori estimate is the main analytical tool of this article. As a consequence, 
we obtain the following a priori estimate for vortices on S. Fix a smooth family 
J: S — >■ J'g{M,u}) of G-invariant w-compatible almost complex structures on M, and 
a complex structure js and an area form dvols on S. For zq E T, and r > 0, denote by 

Br{zQ) := {2; e S I \z — Zq\ < r} 

the closed geodesic disc in S of radius r centered at the point zq, understood with respect 
to the metric determined by the area form dvol^ and the complex structure j^. Recall 
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from the previous section that a pair {A,u) G A{P) x Cq{P,M) is called a vortex if it 
is a solution of the vortex equations 

dj^Aiu) = 0, Fa + fi{u) dvols = 0, (2.2) 

and that its Yang-Mills-Higgs energy is given by 

E{A,u;Br{zo))= f \d au\] + Hu) A dvoh . 

JBr(zo) \^ J 

The vortex (A, u) satisfies the following a priori estimate. 

Corollary 2.2 (A priori estimate, global version). Fix a smooth family J : S ^ J'g{M, uj) 
of G-invariant uj- compatible almost complex structures on M, and a complex structure 
js and an area form dvols on S. Then there exist constants h > 0, C > and R > 
such that for all Zq E T, and all < r < R the following holds. If {A, u) is a vortex on 
S, then 

1 C 
E{A,u;Br{zo)) < h =^ -\dAu{zo)\] + \fi{u{zo))\^^ < — ■ E{A,u; Br{zo)) . 

We now prove Theorem 12.11 The proof is based on the following two propositions. 

Proposition 2.3. Fix a smooth family J: B —>■ J'g{M,uj) of G-invariant uj-compatihle 
almost complex structures on M and a smooth function A: 5 — > (0,oo). Then there 
exists a constant c > such that for all Zo E B and all < r < 1 such that -Br(^o) C B 
the following holds. 

//($, ^fj^) is a vortex on the disc Br{zo), then its Yang-Mills-Higgs energy density 
e := e($, \E', 0) satisfies the partial differential inequality 

Ac > -c(e + e^) 

on Br{zo). 

Proposition 2.4 (Wehrheim [23]). There exist constants Ci,C2 > such that the fol- 
lowing holds for all < r < 1. Let w: Br{0) — > M 6e a function of class and assume 
that it satisfies for some constant c > the inequalities 



Aw>—c[w + w^^, w>0, 

Jb 



Cl 

w < — . 

Brio) C 



Then 

( l\ f 

w. 



w{0)<C2(c+\) [ 

V J J Brio) 



The proof of Proposition 12.31 is deferred to the end of this section. Proposition 12.41 is 
a special case of the mean value inequality of Theorem 1 . 1 in Wehrheim [23] . 
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Proof of Theorem I2.lt We prove Theorem 12.11 assuming Proposition 12.31 Let c be 

the constant from Proposition 12. 3^ and let Ci, Ci be the constants from Proposition 12. 4[ 
Define constants 

5:=^ and C:=C2(c+l). (2.3) 

Let Zo & B and r > be such that the disc Br{zo) is contained in B. Assume that 
($,\l/,-u) is a vortex on Briz^). Denote by e := e($,\l/,-u) its Yang-MiUs-Higgs energy 
density, and define a function w: Br{0) M by translation 

w{z) := e{z - zo) 

for all z G B^Izq). Then Proposition 12.31 implies that 

Aw > — c (w + w^) , w >0. 
Hence it follows from Proposition 12.41 that 

w<- =^ w(0) < C2 (c+ 4 ) / w. (2.4) 

Brio) C V / JBr(0) 



Since 



E{^,^,u;Br{zo)) = [ e = [ 

JBr(zn) J B, 



w 

iBr(zo) JBr{0) 

and r < 1 by assumption, we conclude from (12. 4p and (12.31) that 

^, u; Brizo)) < 6 =^ e($, ^, u){zo) < ^ ■ ^, u; Br{zo)) . 
This proves Theorem 12.11 

Proof of Corollary 12. 2t We deduce Corollary [2]2] from Theorem [2lTl Let 5 C C 

denote the closed unit disc in C. Choose a finite collection of closed holomorphic discs 
in E given by biholomorphic maps 

ipf.CDB^E, j = l,...,iV, 

in such a way that the collection of open subsets 

U,:=v,{B\dB), j = l,...,N, 

forms an open covering of S. By the Lebesgue Number Lemma, there exists a constant 
R > such that the following holds. For every zq E and every < r < R there 
exists jo £ {1, • • • 5 N} such that the closed geodesic disc Br{zQ) is contained in Uj^. For 
j = 1, . . . , A^, we obtain a smooth family 

of G-invariant almost complex structures on M. Moreover, the area form dvols defines 
a smooth function Aj : B ^ (0, oo) by the relation 

if* dvolE = A ■ ds A dt. 
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Denote by ds : S x S ^ [0, oo) the distance function on S induced by the metric deter- 
mined by the area form dvols and the complex structure js, and by d^ : B x B ^ [0, oo) 
the distance function on B determined by the Euchdean metric on C. Since B is compact 
and (fj-.B—^ Sq is holomorphic, there exists a constant Cj > such that 

ds(¥',(Ci),¥',(C2)) <c,-dB(Ci,C2) (2.5) 

for all Ci, C2 ^ B. Furthermore, by Theorem 12.11 there exist constants Sj > and Cj > 0, 
depending on the family Joifj and the function Xj, such that for all (0 & B and all r > 
such that -Br(Co) C B the following holds. If ($, \I','u) is a vortex solving the equations 

dgU + X^{u) + ( J o ipj) {dtu + Xmiu)) = 

9,^-9t<l> + [<l>,^] + Af/i(u) = 

on B, then 

E($,vl/,M;i?,(Co)) < 6, =^ e($,vl/,M)(Co) < ^ ■ E{<!>,^ ,u- Br{Co)) ■ (2.6) 
With all this understood, we define constants 

h := min and C := max |C,- ■ ■ ||A,||^n,j,^|. (2.7) 

Let now {A,u) be a vortex on S solving equations fl2.2p . Let G S and < r < i?, 
and assume that 

E{A,u;Br{zo)) < h. (2.8) 

As we have seen above, there exists jo ^ {!)•••) ^} such that the closed geodesic disc 
Br{zo) is contained in the open set Ujg. As pointed out in Remark 11.31 locally in the 
chart ipjg : i? ^ S the vortex {A, u) is given by a triple ($, \E', m'°'^) that solves the vortex 
equations 

dsv}"" + X$ + ( J o ^^.,) + = 

on the disc B. Define 

Co — ^7o^(^o) and po := cj^^ ■ r, (2.9) 

where the constant Cj^ was defined by ( 12.51) . We consider the Yang-Mills-Higgs energy 
of the vortex ($, '^^u) on the disc _Bp(,(^o)- K follows from Estimate (12. 5p that 

i?po(Co) c ^7/(5.(^0)) c 5. 

Using Formula (jl.Sp . we obtain from this an estimate 

E{^,^y°--B^SCo)) < E{^,^y°'-vl\Br{z^)) = E{A,u-B,U)). (2.10) 

By assumption (12.80 and the definition of the constant h in (12. 7p it follows that 

E{^,my^^-B,,{Co))<h<5j,. 
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Hence the a priori estimate (12. 6p applies to the vortex ($, yielding an estimate 

e ($, vl>, (Co) < % ■ VP, (Co)) . 
Po 

Using Inequality (]2.10p and the definition of po in (I2.9p . we obtain from this 

e($, VI/, n'-) (Co) < ■ E{A, u; B,{z,)) . 

The claimed a priori inequality will now follow from the identity 

\ \dAu{z,)\^ + \iiHzo))\' = e(<l>, vI/,«i-)(Co) ■ A~f (Co), 
which holds by Formula (11.41) . By definition of the constant C in (12.71) we then obtain 

- |d^n(zo)|' + |^(n(zo))|' < '° . B,{z^)) 

= ^^-E[A,u-Br{z^)). 
This completes the proof of Corollary 12.21 

Proof of Proposition 12. 3t The proof will be in two stages. We first compute an 
explicit formula for Ae (Claim 1), and then obtain the claimed inequality 

Ae > -c(e + e^) 

using a straightforward estimate (Claim2). Assume that ($,\1/,m) is a vortex on the 
disc D := Br{zo) and write e := e($, \I/,m) for its Yang-Mills-Higgs energy density (11.21) . 
Before we may begin with the computations we need to introduce some notation. Set 

Vs ■= dgU + X^{u), Vt := dtu + Xq,(u) 

and 

n := -5^$+ [<|.,^]. 

Note that Vs and Vt are smooth sections of the vector bundle u*TM —>■ D and that k, is 
a smooth function D ^ q. With this notation, the vortex equations take the form 

Vs + J{u)vt = 0, K + X^fi{u)=0, (2.11) 

and the Yang-Mills-Higgs energy density of the vortex ($, m) is given by 

e = e{^,'^,u) = \vsf + \fiiu)f . 

Before we start with the computation, we recall from Appendix|X]the definition of certain 
operators. First of all, the family J: D ^ J'g{M,uj) gives rise to a family 

of Riemannian metrics on M which in turn determines a family 

V : D 3 z ^ Vj^ 
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of associated Levi-Civita connections on M and a family of corresponding Riemann 
curvature tensors 

R: D 3 z ^ R, e Q^(M, End(rM)). 

We will also denote the infinitesimal action of G on M at a point x E M by 

L^:q — > nM, ^ ^ L^^ = X^{x), 

and its adjoint with respect to the inner product (•, •)g on g and the family of metrics 
(•, ■)j on M by 

Let us further denote by 

A:=$ds + *dt e ^\D,q) 
the smooth connection 1-form on the disc D determined by $ and We then have a 
twisted covariant derivative 

Va: n''(D,g)^n\D,g), VaV ^ drj + [A,ri], 

acting on smooth g- valued functions on D. Evaluating in the directions of the coordinate 
vector fields ds and dt, we obtain operators 

VA,s,VA,t--^'{D,Q)^^}%D,Q) 

given by the formulas 

Va,.77 = dsTj + [$, 77], VA,tV = dtrj + 77]. 

In addition, we have a twisted covariant derivative 

Va: 9P{D,u*TM) — > n\D,u*TM), VaC = + V^Xa(u), 

acting on sections of the vector bundle u*TM — > D. Evaluating in the directions of the 
coordinate vector fields ds and dt, we obtain operators 

VA,„VA,t: n\D,u*TM) ^n\D,u*TM) 

given by the formulas 

VA,.e = + V^X$ (u) , Va4 = + V^X* (u) . 
Moreover, we have a twisted covariant derivative 

6a: n°(D,n°(M,End(rM))) — > (D, fi°(M, End(TM))) 
acting on functions D — > n°(M, End(TM)) given by 

5Al = dI-CxJ, 

where Cx^^ is the Lie derivative of / along the vector field Xa- Evaluating in the 
directions of the coordinate vector fields dg and dt, we obtain operators 

^A,s,^A,t- n^{D,n'^{M,End{TM)) — ^ n°(M, End(rM)), 

given by 

6a,J = dsl - CxJ, ^A,tL = dtl - Cx^I. 
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Lastly, recall that the twisted derivative of the family V : D 3 z ^ Vj^ of connections 
on M is given by the map 

DaV = dV^^ o 6aJ: TD — > Q}{M, End(rM)), 

where dV'"*" is the derivative of the map V'"'": JiM-, c<^) 9 / i— V/, which assigns to every 
cu-compatible almost complex structure / on M the Levi-Civita connection determined 
by the corresponding Riemannian metric (■,■)/ = Evaluating in the directions 

of the coordinate vector fields dg and 9^, we obtain functions 

DAsV,DA,tV: D — > fii(M,End(TM)) 

given by 

Da,.V = dV^^ (5a,. J) , DA,tV = dV^^ [hA^tJ) . 
To close this review of notation, we recall from Appendix |A] that there is a g-valued 
bilinear form p : u*TM ® u*TM g satisfying 

(^,P(6,6))0= (V^x^r,(n),6)j 
for ^1,6 e n\D,u*TM) and r/ G n\D,Q). 

We are now ready to prove Proposition 12.31 We will begin by deriving the following 
identity. 

Claim 1. The Laplacian of the Yang-Mills-Higgs energy density is given by the formula 

Ae = 2 \Va,sVs\^ + 2 \VA,tVs\^ - 2 1(6^,.^)^^.!' - 2 (w„ R{vs, Vt)vt) 

- 2 {v,, iBA,sV){vt) vt) + 2 {J}a,N){vs) vt) - 6 a,(A=^)(/i(u), 

+ 6 dtiX^){p{u), L>,) - 2\mV,J)v,, L„/i(n)) + 2\^{p{u), 3p{vt, v,) 

- 2p{v,,vt)) + 4A2|L>ip + 4A2|LXP + A{X')\p{u)\' + 2X%^p{u)\' 

- 2X^{{8A,tJ)Vt, Kfi{u)) + 2 {{8A,sJ)Vt, Va,sVs) + 2 {{SA,tJ)Vs, Va,sVs) 
+ 4 {{SA,tJ)Vt, VA,tVs) - 2 {Vs, iy,X^A,sJ))vt) + 2 {Vs, iy,X^A,tJ))Vs) 

+ {{^A,tJ)Vs, (yvtJ)Vs) - 2 {Vs, {&A,s{^A,sJ))Vt) + 2 {Vs, {^AA^A,tJ))Vs) 

+ {Vt, {&aA^A,sJ))Vs) + {Vt, {SA,t{^A,tJ))Vs). (2.12) 

Our proof builds on the computations carried out by Gaio and Salamon |4j. Section 9. 
Recall that 

e = \vsf + \p{u)f , 

and therefore 

Ae = A(|t;,|')+A(A2|/i(M)|2). (2.13) 
We will compute each term separately. Let us first consider 
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By Proposition IA.61 we have 

ds{\Vs\^) = ds{Vs,Vs) 

= {'^A,sVs,Vs) + {Vs,Va,sVs) + {JVs, {^A,sJ)Vs) 
= 2 {Vs, Va,sVs) + {JVs, {^A,sJ)Vs) 

and hence 

dKlVsl"^) = 2 ds{Vs,VA,sVs) + ds{JVs,{&A,sJ)Vs) 

= 2 {Vs, Va,s'^A,sVs) + 2 {Va,sVs, Va.s^s) + 2 {JVs, {^>A,sJ)'^A,sVs) 

+ (Va,s(^^^s), {^A,sJ)Vs) + {JVs, ^A,sii^A,sJ)Vs)) 

+ {{^A,sJ)JVs, JiSA,sJ)Vs)) 
= 2 {Vs, Va,s'^A,sVs) + 2 \VA,sVsf + 2 {Jvs, (5^,, J) V^.^f s) 

+ {{8a,sJ)Vs,'VaAJ'^s)) + {JVs,VAAi^A,sJ)Vs)) - \ J{SA,sJ)Vsf , 

where the last equahty holds by Lemma [A.4l (i). By Proposition IA.5t 

Va,s(^^^s) = J'^A,sVs + (yv,J)Vs + {8a,sJ)Vs, 

'^AAi^A,sJ)Vs) = {&A,sJ)'^A,sVs + (Vi,^ (6a,s^))^^s + {^A,s{^AsJ))'"s- 

Plugging this into the previous expression, we get 

dl{\Vs\'') = 2 {Vs, Va,s^A,sVs) + 2 \VA,sVsf + 2 {JVs, {^A,sJ)^A,sVs) 

+ {{Sa,sJ)Vs, J'Va,sVs) + {{Sa,sJ)Vs, (yv^J)Vs) + {{8a,sJ)Vs, {Sa,sJ)Vs) 
+ {JVs, iSA,sJ)'^A,sVs) + {JVs, C^Vsi^A,sJ))Vs) + {JVs, i^A,si^A,sJ))Vs) 
- \Ji^A,sJ)Vsf ■ 

Using Lemma [A.4l (i). (iii) this becomes 

d1{\Vsf) = 2 {Vs,Va,s'^A,sVs) + 2 \VA,sVsf + 2 {{5a,sJ)JVs,'^A,sVs) 

+ {i^A,sJ)JVs,^A,sVs) + {{^A,sJ)Vs,C^VsJ)Vs) + \i^A,sJ)Vsf 

+ {{Sa,sJ)JVs,'Va,sVs) + {JVs,(yy^{&A,sJ))Vs) + {JVs, {Sa,s{^A,sJ))Vs) 

- \{&A,sJ)Vsf 

= 2 \VA,sVsf + 2 {Vs, Va,s'^A,sVs) + 4 {i^A,sJ)JVs, Va,sVs) 

+ {{8a,sJ)Vs, (yv,J)Vs) + {JVs, (yv,{^A,sJ))Vs) + {JVs, {^A,s{^A,sJ))Vs)- 

Likewise, we compute 

d^t{\Vs\^) = 2 \VA,tVsf + 2 {Vs, VA,NA,tVs) + 4 {{bA,tJ)JVs, VA,tVs) 

+ {{bA,tJ)Vs, {Vy,J)Vs) + {JVs, i'^vt{^A,fJ))Vs) + {JVs, ibA,t{^A,tJ))Vs)- 

Combining the last two formulas and using the first vortex equation (12.111) we finally 
obtain 
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A{\vf) = 2 \VA,sVsf + 2 \VA,tVs\^ + 2 {Vs, (Va,sVa,. + VA,NA,t)Vs) 

+ 4 {i8A,sJ)Vt, Va,sVs) + 4 ((6^,t J)Wt, VA,tVs) + {i8A,sJ)Vs, (V^, J)w,) 
+ {{&A,tJ)Vs, {V^J)Vs) + {Vu {V^X^A,sJ))Vs) + {Vu {V^A^A,tJ))Vs) 

+ {Vt, {&aA^A,sJ))Vs) + {Vt, {SA,t{^A,tJ))Vs)- (2.14) 

We can compute this further using the following two lemmata. 

Lemma 2.5. The sections Vs, Vt and the function k, satisfy the following identities. 

(i) Va,,^^* - VA,tVs = 

(ii) Va,sVs + ^A,tVt = -JL.„/s; - {8A,sJ)Vt + {^A,tJ)Vs 
Proof. Using the formulas 

and rearranging terms, we obtain 

= Vs dtu + VsX^{u) + VatuX^{u) + Vx^{u)X^{u) - Vt d^u - VtX^{u) 

- ^d,uX^[u) - Vxi,{u)X^{u) 

= Vs dtu - Vt dsU + Xa^ - Xa, $(n) + Vxvp(«)X$(n) - Vx^{u)X^{u) + Va,„X,i,(u) 

- Va^„X,i,(M) - Vd,uXi^{u) + Va,„X$(M) 
= Vd^u dtu - Vdtu dsU + XQ^<i,{u) - XQ^q,{u) + Vx^{u)X^{u) - Vx^(u)Xii,{u). 
Since the Levi-Civita connection V^ is torsion free for z & D, 

Vd,u dtu - Vdtu dsU = [dtu, dgu] = 

and 

Vx^{u)X^{u) - Vx^{u)Xq,{u) = [X^{u),X^{u)] = X[$,,i,](m). 

Note that, to be consistent with |4j, we use the sign convention for the Lie bracket defined 
in [15], Remark 3.3. That is, for vector fields X, F on M we have L[x,y] ~ [Ly,Lx]- 
Whence 

VA,sVt - VA,tVs = Xa,*(u) - Xd^^{u) + X[$,^](u) 
= L^K. 

For the proof of (ii) we will need the following formula: 

{V,J)vt ~ (y,,J)vs = 0. (2.15) 
To see this, just note that by the first vortex equation (12. lip . 
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and using Lemma [A.ll (ii). (i), we therefore get 

iVyJ)vt = J{V^,J){Jvs) = -J\V^,J)vs = {V^,J)Vs. 
Now by the first vortex equation (12.111) and Proposition IA.51 

Va,sVs + V^.tf t 
= -'^A,siJ^t)+^A,tiJ^s) 

= -J^A.sVt - {^VsJ)Vt - {^A,sJ)Vt + J^A.tVs + {'^vtJ)Vs + {^A,tJ)Vs 
= -J{VA,sVt - yA,tVs) - {^vJ)Vt + {VvtJ)Vs - {hA,sJ)vt + {bA,tJ)Vs- 

By Assertion (i) and Formula (12.15P we thus obtain 

Va,sVs + Vyl.i^i = -JL„K - {bA,sJ)Vt + {bA,tJ)Vs- 

□ 

Lemma 2.6. The twisted Laplacian of the section Vg is given by the formula 

(Va,sVa,s + '^A,t'^A,t)Vs = -R{Vs,Vt)Vt - (DA,s'^){Vt) Vt + (DA,t'^){Vs) Vt 

+ AVV,,X^(„)(m) + 2A2v,,X^(„)(m) - X^JKLlJvs + X^ KK^s 

+ J{bA,sJ)'^A,sVs + {bA,tJ)'^A,sVs " {bA,sJ)C^VsJ)Vs - ibA,sJ){bA,sJ)Vs 

- (yvA^A,sJ))vt + (yv,{bA,tJ))Vs - {bA,s{bA,sJ))Vt + (5A,s(Syl,t^))^s- 

Proof. By Lemma [A. 101 the second vortex equation (12. lip and Lemma [2.5l (ii). (i), 

(Va,sVa,s + VA,t'^A,t)Vs 

= C^A,t'^A,s - '^A,s'^A,t)Vt + '^A,sC^A,sVs + '^A,tVt) " '^A,tC^A,sVt - '^A,tVs) 

= -R{vs,vt)vt + A' V.,X^(„)(u) - ((D^,,V)(t;0 - iDA,t^)ivs))vt - Va,.(JL„/s:) 

- ^AAi^A,sJ)JVs) + ^AAi^A,tJ)Vs) - VA,t(L„/€). (2.16) 

We will inspect the last four terms on the right-hand side of this equality separately. By 
the second vortex equation (12.111) and Proposition IA.51 we get 

VA,s(JL„fi:) 

= -VA,s(AVL„/i(n)) 

= - d,{X')JKM - X^ V^,,(JL„/i(n)) 

= -ds{X'^)JKKu) - AVVa,. L„/i(M) - X\V^J) Kij{u) - X'^{bA,sJ) Kl^{u). 
Moreover, by Lemmas IA.9I and IA.31 

VA,s(L„yu(M)) = L,„(VA,s/i(M)) + Vt,,X^(„)(M) = -L„L* Jt;^ + V^^X^(„)(m). 
Whence 
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- AW.,X^(„)(m) - \\8a,sJ) Kfxiu). (2.17) 
Similarly, using the vortex equations (12.111) and Lemmas IA.9I and IA.31 we further obtain 

VA,t(L„K) = -VA,t(A^L„/i(M)) 

= -9i(A2)L,/i(M)-A2v^,i(L„M«)) 
= - 9t(A^) Lufi{u) - A^ LuVA,tfJ'{u) - A^ Vv,X^^u)iu) 
= - dtiX^) Kf^iu) + A^ L^L^Jt;^ - A' V.,X^(„)(m) 
= -dt{X'')KKu) - X'^KKvs- \^V,,X^(^.,){u). (2.18) 
Furthermore, by Proposition I A. 5 1 we have 

^AAi^A,tJ)Vs) = i^A,tJ)^A,sVs + (V,, ibA,tJ))Vs + i^A,s{^A,tJ))Vs (2.19) 

and 

'^A,s{i^A,sJ)JVs) = i^A,sJ)'^A,s{'^^s) + C^Vs{^A,sJ))JVs + {^A,s{^A,sJ))JVs 
= - JiSA,sJ)'^A,sVs + {SA,sJ)(yvsJ)Vs + {SA,sJ)i^A,sJ)Vs 

+ (V,, iSA,sJ))Vt + i^AA^A,sJ))Vt, (2.20) 

where in the last equality we used Lemma [A.4l (i) and the first vortex equation (12.110 . 
Plugging fl2:T7D . flrisj) . (|2A9|) and (l2:20|) into Formula (fXTel) above, we finally get 

(Va,sVa,s + '^A,NA,t)Vs = -R{Vs, Vt)vt - {DA,s'^){vt) Vt + {T)A,t^){Vs) Vt 

+ ds{X'^)JKfi{u) + dtiX"^) L„/i(M) + X'^iV^J) Lufiiu) + X'^{bA,sJ) Kl^{u) 
+ AVV,,X^(„)(m) + 2A2v,,X^(„)(m) - X^JKKJvs + X^ KKvs 

+ J{bA,sJ)'^A,sVs + {bA,tJ)'^A,sVs - (5a,s^) ( V^,, J)t;s - (5a,s J) (5a,s^)^^s 

- (V^^(6^,sJ))t;t + iV^^{8A,tJ))Vs - ibA,s{^A,sJ))Vt + {bA,si^A,tJ))Vs- 

□ 

We may now proceed with the computation of Formula (12.141) . Using Lemma [2.61 we 
obtain 

A{\vs\^) = 2 \Va,sVs\^ + 2 \VA,tVs\^ - 2 {v^, Rivs, vt)vt) - 2 {v^, (DA,sV)(t;0 vt) 
+ 2 {v,, (D^,iV)(t;,) Vt) + 2 9,(A2)(t;„ JL„/i(M)) + 2 dt{X^){vs, K^u)) 
+ 2X^{vs, (V,, J) Kfxiu)) + 2X^{vs, {bA,sJ) L„/i(M)) + 2X^{vs, JV,,X^(„)(m)) 
+ 4A2(t;„ V,,X^(„)(m)) - 2A2(t;„ JL^L^Jt;,) + 2A2(t;„ L„L>,) 
+ 2 (t^s, -^(Syi,s-^)VA,,t^,) + 2 (t;,, (6^_tJ)VA,,t^,) - 2 {vs, (6a,s-^)(V^^ J)t;,) 
- 2 {bA,sJ){bA,sJ)vs) - 2 (V,, (5^,, J))t;t) + 2 (V,,(5^,t J)) t;,) 
- 2 (t;^, (6^,s(5A,s-^))?^t) + 2 (t;^, (5A,s(6A,t-^))^^s) + 4 {{bA,sJ)vt, ^^a^sVs) 
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By the first vortex equation (12. lip and the definition of the bihnear form p above, 
and 

(f„ Vi,tX^(„)(M)) = {fl{u),p{Vt,Vs)). 

Plugging this into the previous expression and using Lemma [A.ll (iv). Lemma [A.4l (iii) 
and the first vortex equation (12.111) we further obtain 

A{\vs\^) = 2 \Va,sVs\^ + 2 \VA,tVs\^ - 2 {v,, R{v,, Vt)vt) - 2 (Da,,V)(i;0 Vt) 
+ 2 {J^A,N){vs) Vt) - 2 ds{\^){p{u), Kvt) + 2 dt{\^){p{u), L>,) 
- 2\^{iy^J)vs, L„^(n)) + 2\^{{bA,sJ)vs. L„^(m)) + 2\^{li{u), 2p{vt, Vs) - p{vs, Vt)) 
+ 2\%lvt\^ + 2A2|L>,|2 - 2 ((5A,s^)^t, Va,,i;,) + 2 ((5^,*^)^^^, Va,sVs) 
- 2 ((5^,,J)t;„ {y,J)v,) - 2 ((5^,,J)t;„ (5a,sJ)^s) - 2 (V,,(5A,sJ))t^t) 
+ 2 (V^,(5A,t J)) t^s) - 2 (6^,,(5^,, J))^;*) + 2 {vs, {SAA^A,tJ))vs) 
+ 4 ((6^,,J)t;i, Va,.^;^) + 4 ((6^,4 J)t;t, V^.t^^s) + {i^A,sJ)vs, C^vJK) 

+ {{^A,tJ)Vs, {^vJ)Vs) + {Vt, {V,,X^A,sJ))Vs) + {Vt, {V,X^A,tJ))Vs) 

+ {Vt, {bA,s{bA,sJ))Vs) + {Vt, {bA,t{bA,tJ))Vs)- 

Cancelhng and rearranging terms we finally get 

A{\Vs\^) =2\VA,sVs\^ + 2\VA,tVs\^ -2 \{8A,sJ)Vsf -2{Vs,R{Vs,Vt)Vt) 

- 2 {vs, iBA,sV)ivt) Vt) + 2 {vs, (DA,iV)(i;,) v^) - 2 dsiX^){piu), L>i) 
+ 2 dtiX^){piu), Kvs) - 2X^{{V,J)vs, KKu)) + 2X^{{8a,sJ)vs, KM) 

+ 2X^{p{u),2p{vt,Vs) - pivs,vt)) + 2X%:vt\^ + 2A2|L>,|2 

+ 2 {{5A,sJ)Vt, Va,sVs) + 2 {{8A,tJ)Vs, Va,sVs) + 4 {{5A,tJ)Vt, VA,tVs) 

- 2 {Vs, {V,A^A,sJ))Vt) + 2 {V,, {V,,{bA,tJ))Vs) + {Vt, {V,,{8A,tJ))Vs) 
+ {Vt, i'^Vsi^A,sJ))Vs) - {ibA,sJ)Vs, iVa,J)Vs) + {i8A,tJ)Vs, iV^,J)Vs) 

- 2 {Vs, {bA,s{8A,sJ))Vt) + 2 {Vs, {8A,s{^A,tJ))Vs) 

+ {Vt, {bAA^A,sJ))Vs) + {Vt, {8A,t{^A,tJ))Vs). (2.21) 

Next we consider the second term A(A^|/i(M)p) in fl2.13l) . This term was computed by 
Gaio and Salamon [1], Section 9, in the case where does not depend on the point z. 
Generalizing their formula to our situation, we obtain 

A(A2|M«)r)=A(A2)|M«)r + 45,(A2)(M«),L>.)-49.(A2)(Mn),L:Jt;,) 

+ 2A2|LX|2 + 2X^\Kvt\'' + 2X%Mu)\^ - 2X^{piu),p{vs, Vt) - p{vt, Vs)) 
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- 2\\^i{u), \.lJ{bA,sJ)vt) + 2A2(/i(M), \.lJ{bA,tJ)vs). (2.22) 

Here we use the relation 

= L* (VA,tt^s - VA,sVt) + p(t^t , t^s) - p{Vs, Vt) - L* J {bA,tJ)Vs + L* J {bA,sJ)Vt 

= \^ L*L„/i(M) + p(t;t, t;^) - p{vs, Vt) - L* J {bA,tJ)vs + L* J (6^,^ J)i;t 

which is a direct consequence of Lemma IA.91 Lemma I2.5l (i) and the second vortex 
equation (12.1 II) . Now by Lemma rA.4l (ii) . (i) and the first vortex equation (12. lip , we have 

- 2\^{^l{u), KJ{bA,sJ)Vt) + 2\^{^l{u), KJ{bA,tJ)Vs) 
= -2X^J{bA,sJ)vt,KKu)) + 2X^J{bA,tJ)Vs,Kfi{u)) 
= -2\^ {{bA,sJ)Vs,'i^ufi{u)) - 2\'^ {{bA,tJ)vt,'Lun{u)) . 
Plugging this into Formula ( ]2.22p . we have 

A{\'Hu)\')=2\'\Kvt\' + 2\%:v,\'-Ad.i\'){fx{^ 

+ A(A2) |2 + 2\%^fx{u)\^ - 2\^ Hu),pivs, Vt) - p{vt, Vs)) 

- 2\^{ibA,sJ)vs, Kpiu)) - 2\^{ibA,tJ)vt, Lup{u)). (2.23) 

Inserting (12.211) and (12.231) into Formula (I2.13P and rearranging terms, we obtain the 
claimed Formula (I2.12p for the Laplacian of the Yang-Mills-Higgs energy density. This 
completes the proof of Claim [H 

The second part of the proof of Proposition 12.31 is to prove the following claim. 

Claim 2. There exists a constant c> 0, not depending on e, such that the Yang-Mills- 
Higgs energy density satisfies the partial differential inequality 

Ae > -c (e + e^). 

We begin by noting that, from the first vortex equation (12. lip , we have 

\Vs\ = \-JVt\ = \Vt\ . 

Using the Cauchy-Schwarz inequality and Formula (I2.12p . we immediately obtain the 
straightforward estimate 

Ae > 2 \VA,sVsf + 2 \VA,tVsf - 2 |(6a,,J)|' \vf - 2 \\R\\ \vsf 

- 2 \\Ba,sV\\ \v,f - 2 \\DA,tV\\ \vs\' - 69,(A2) \p{u)\ Kv^l 
-6dt{X^) \p{u)\ IKvsl - 2AlVJ|| \Kp{u)\ \vs\^ - 2X^bA,tJ\\ Kf^{u)\ \vs\ 
+ 2X' \Lufi{u)f - lOA^ \p[u)\ \\p\\ \vs\^ + A(A2) \p[ut + \K^tf + |L>/ 

- 2 \\bA^sJ\ \^A,sVs\ \Vs\ - 2 \bA,tJ\ ^A,sVs\ \v s\ " 4 ||6A,i-^|| ^A,tVs\ \Vs\ 

- 3 ||V(5a,,J)|| \vs\' - 3 \MbA,tJ)\\ \vs\' - ||5A,.J||||VJi| \vf - \\bA,tJ\mJ\\ \vsf 
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~3\\8aA^A,sJ)\\ \Vsf -2\\8A,s{^A.tJ)\\ \Vsf ~ \\8A,t{^A,tJ)\\ \Vsf ■ 

Here we denote pointwisc operator norms by ||-||. We proceed by estimating this further 
using Young's inequality. Wc begin with the 5th and 6th term. Recall that 

D^,,V = dV^c o bA,vJ 

for V G TD, where dV'"*" is the derivative of the map V'"*": J'{M,u}) 3 I ^ V/. Hence 

||D^,,V|| < ||dVLC||||5^,,J|| 

for V e TD, which implies that 

||D^,,V||<||dVL^|f + ||6^,,J||2 

and 

||D^,iV|| < ||dVLC||' + ||5^,iJ||2. 
Next for the 7th and 8th term we have 

= 9(9.Af Wm)|V4A'|L>,|" 

and similarly 

6dt{X') Hu)\ \L:Vs\<9{dAfHu)f + AX'\L:vf. 
For the 9th and 10th term we get, respectively, 

2A^||VJ|| \LMu)\ \v,f < llVJf 1^;.!' + Mu)\' 

and 

2X^8A,tJ\\ \Kfi{u)\\vs\ < \\bA,tJf\Vsf + \^\Lufi{u)\\ 

For the 12th term, 

ioA2|M«)IIHI Kr<A^|M«)l' + 25|HpK|^ 

For the 16th, 17th and 18th term, 

2 ||5a,sJ|| \Va,sVs\ \Vs\ < \\8A,sJf \Vsf + \'^A,sVsf , 
2 \\8A,tJ\\ \^A,sVs\ \Vs\ < \\^A,tJ\\^ \Vsf + \^A,sVsf 

and 

4 ||6A,tJ|| \VA,tVs\ \v,\ < 2 \\8A,tJf \vs\'' + 2 IVa,*^;^!' • 
For the 19th and 20th term, 

||V(6a,.J)|| \Vs\ < \MbA,sJW + \Vsf 

and 

||V(6a,J)|| \v,\<\MbA,tJ)r + \vsf. 
Finally, for the 21st and 22nd term, we have 

ii6a.^iiiivjii \v,\<\\8A,sJr+\\vjr\v,f 
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and 



|5^,tJ||||VJ|||^;.| < \\8A,tJf + \\VJ 



|2 



Applying all these inequalities and using the identity \dX\' = {dsXf + (a^A)^ we may 
estimate Ae further by 

Ae > -25 + \\pf + \\VJf + lldV^^lf + \\dA,sJr + \\^A,tJf + l) l^.l' 
- (a-2(9 |dA|2 - A{X')) + X')X' \i,{u)f - 5 {\\bA,sJr + pA,tJr + ||V(6^,.J)ir 

+ \M8A,tJW+\\8AA^A,sJ)\\ + \\^AA^A,tJ)\\ + \\^AA^A,tJ)\\) \Vsf ■ 

Since the Yang-Mills-Higgs energy density is given by 

we conclude that 

Ae > -25 {\\R\\ + \\pf + + lldV^^lf + ||6^,,J|p + ||6^,,J||2 + ly 



|2 



- (a-2(9 IdAp - A(A2)) + A2)e - 5 (||5A,.Jf + \\8A,tJf + II V(5^,, J)||' 

+ ||V(6A,tJ)||' + \\dA,s{^A,sJ)\\ + \\bA,s{^A,tJ)\\ + \\bA,t{^A,tJ)\\)e. (2.24) 

This can be estimated further in the following way. Because the domain of the smooth 
function X: B ^ {0, oo) is compact, it follows that there exists an upper bound ci > 0, 
not depending on e, such that 

A-2(9|dA|2- A(A2)) +A2 < ci (2.25) 

pointwise on B. Likewise, the smooth family J: B ^ Jg{M,uj) has compact parameter 
space, so there exists a constant C2 > 0, not depending on e, such that 

11^.11 + IIp.II' + llVJzir + lldV^^ll" < C2 (2.26) 

for all z E B. Here we used that ||dV'"*-'|| is a constant not depending on e. It remains 
to estimate the terms involving 74-twisted derivatives. So consider the first order twisted 
derivatives of J. Since J is assumed to be G-invariant, we have by definition 

bA,vJ = dJ{v) - Cx^^^^J ^ dJ{v) 

for V e TB. By compactness of B it follows that there exists a constant C3 > 0, not 
depending on e, such that 

< C3 |^;| . 

In particular, taking v to be one of the coordinate vector fields ds or dt we obtain 

\\bA,sJ\\ < C3 and \\bA,tJ\\ < ca (2.27) 
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pointwise on B. As for the second order derivatives of J, a similar argument shows that 
there exist constants C4, C5 > 0, not depending on e, such that 

||V(5^,,J)|| = ||V(dJ(9s))|| < C4 and \\V{8A,tJ)\\ = \\V{dJ{dt))\\ < C5 (2.28) 

pointwise on B. In order to estimate the remaining second order twisted derivatives of 
J, we need the following lemma. 

Lemma 2.7. There exists a constant C > 0, not depending on ($, \E',u), and a gauge 
transformation g G C^{B,G) such that 

h*^\\cO{B) - 

Proof. Let p > 2. Recall the second vortex equation (12. ip 

Fa = {ds^ - dt^ + [$, ^]) ds A dt = -A^ ij{u) ds A dt. (2.29) 
From this we see that the constant 

Ca,^ := max A^(2;) ■ max |/i(a;)|j 

yields a uniform curvature bound 



\Lp{B) 



Hence by Uhlenbeck compactness (Theorem A in ^22j) there exists a constant C > 0, 
not depending on ($, \E', u), and a gauge transformation g G iy^'^(i?, G) such that 

By Rellich's theorem (Theorem B.2 (iii) in [22]), it now follows that g is actually of class 
and that there exists a constant C > 0, not depending on ($, \E', u), such that 

as required. □ 

So by the last lemma we may now pick a constant C > 0, not depending on ($, \Ef, u), 
and a gauge transformation g G C^(i?, G) such that 

\\g*A\\^,^^^ < C. (2.30) 

To estimate the second order twisted derivatives of J we first note that, by G-invariance 
of J, 

\\8a,w{,8a,vJ)\\ = \\9*8a,w{8a,vJ)\\ 
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and 

g*iA,w{^A,vJ) = ^g*A,wig*^A,vJ) 

= ^g*A,w{^g*A,v {9* J)) 

= ^g*A,w{^g*A,v ^) 

= &g*A,w{dJiv) + Cx^,^^^yj) 

= d{dJ{v)){w) + {dJ{v)) + 

for v,w G TB. We hence obtain an estimate 

PaA^a,.J)\\ < \\d{dJiv))iw)\\ + \\Cx^^,^JdJiv))\\ + \\Cx,,,,JCx^,^,^,J)\\. (2.31) 

As above, by compactness of B it follows that there exists a constant cq{v) > 0, depending 
on V but not on e, such that 

||d(dJ(f )) (w) II < Cq{v) ■ \w\ . 

To estimate the remaining terms, we first observe that the map 

Q ^ r]0(M,End(rM)), r] ^ Cx,J 

is linear. Hence, by compactness of B and Inequality (I2.30p there exists a constant 
cj{v) > 0, depending on v but not on e, such that 

(dJ(tO) II < criv) ■ \g*Aiw)\ < Criv) ■ C ■ \w\ . 

Second, we note that the map 

g X s ^ C°°(M,End(TM)), (r7,0 ^ Cx,{Cx,J) 

is bilinear. As before, there exists a constant Cs > 0, not depending on e, such that 

< • |^M(t;)| ■ \g*A{w)\ <cs-C^ ■ \v\ \w\ . 

Applying all these inequalities to Inequahty (12.3ip . we see that there exist constants 
Cg, Cio, cii > 0, not depending on e, such that 

\\&aA^a,sJ)\\ < Cg, \\^AA^A,tJ)\\ < Clo, 116^,^(5^,4 J) II < cii. (2.32) 

Applying estimates ^M), ^Ml, (12:271) . (12:281) and (|232|) to Inequality (12:241) above, 
we finally conclude that there exists a constant c > 0, not depending on e, such that 

Ae > -c(e + e^). 

This proves Claim [2l and completes the proof of Proposition 12.31 
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3. Removal of singularities 

The goal of this section is to prove the Removable Singularity Theorem ll.il Our proof 
is inspired by the proof of removal of singularities for punctured pseudoholomorphic 
curves in McDuff and Salamon |16], Section 4.5. 

Let us briefly recall the set-up from Section [H We denote by i? C C the closed unit disc 
and write the coordinate on C as z = s + it. Fix a smooth family J: B —>■ Jg{M, uj) of G- 
invariant a;-compatible almost complex structures on M and a positive smooth function 
A: -B — > (0, cx)). Let be a smooth vortex on the punctured disc B \ {0}. It 

will be convenient throughout this section to write formulas in terms of the smooth 
connection 1-form 

A:=^d.s + mdte9}{B\ {0}, g) 

on i? \ {0} determined by the functions $ and As we have seen in Remark 11.31 we 
can then write the vortex equations for ($, u) in the form 

9j,a(m) = 0, Fa + AV(w) = 0, (3.1) 

where 

dj,A{u) := - (d^M + J(n) o d^w o i) . 

In particular, the Yang-Mills-Higgs energy of the vortex ($, \E', u) on an open subset 
U C B \ {0} is given by 

Ei^, VI/, f^) = ^ (I l^Aul] + Hu)\l^ X' ds A dt. (3.2) 

As in the assumptions of Theorem 11.11 we suppose that the vortex ($, \I/, u) has the 
following properties. 

(i) $ and extend continuously to all of B. 

(ii) (<l>, u) has finite Yang-Mills-Higgs energy E{^, \I', u) < oo. 
Assumption (i) means that the connection form A extends continuously to all of B. 

We will prove that the map u is of class PI/^'P on B for every real number p > 2. The 
proof will occupy the remainder of this section. 

We begin by introducing some notation. Let M := B x M denote the total space of the 
trivial symplectic fiber bundle over the disc B with fiber M. The map u: B\ {0} M 
then gives rise to a section of this bundle given by 

u:B\{0} — ^M, u{z) := {z,u{z)). 

The family J: B ^ J'g{M, uj) of almost complex structures on M gives rise to an almost 
complex structure J on the manifold M defined by 

J{v,w):= [iv, Jw + J Xa(v){x) - XA{iv){x)) (3.3) 
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for {z,x) & B X M and v G TzB, w G T^M. In fact, we have 

.P(V,W) = {j?V,J{Jw + J Xa{v){x) - Xa(^,v){x)) + J Xa(;iv){x) - Xa(^{2^){x)) 
= {-V, -W - Xa(v){x) - JXA{iv){x) + J XA(iv)ix) + XA(v)ix)) 

= -{v,w). 

Note at this point that the almost complex structure J is only continuous on M. This 
follows directly from fl3.3p since A is continuous on B. 

The first step towards the proof of Theorem 11.11 is the following observation. 
Lemma 3.1. The map u: B\ {0} M is (i, J)-holomorphic. 
Proof. We begin by noting that the differential of the map u is given by 

du{y) = (f , du{v)) 
for V G TB. By the first vortex equation (13.11) . we have 

J dAu(v) = dAu(iv). 



Whence 



This implies that 



J du{v) = J(v, du{v)) 

= {iv,J du{v) + JXA{v)iv.) - XA(iv){u)) 

= {iv,J dAu{v) - XA(iv) (u)) 
= {iv,dAu{iv) -XA(iv){u)) 
= (if, d'u(if )) 
= d'u(if). 



dj{u) = - [du + J{u) o dw o i) = 0, 



which proves the lemma. □ 

Next we define a symplectic form uj on the manifold M that tames the almost complex 
structure J . It will be defined in terms of the standard symplectic form c^o '■= ds A dt 
on the disc B and the symplectic form u; on M in the following way. We fix a constant 
Cyi > 1 such that 

\Xa{v){x)\j < ■ \v\ (3.4) 

uniformly for all tangent vectors v G TB and all points x G M, where | ■ |j and | ■ | 
denote the norms associated to the metric (■, ■) j on M and the standard metric on B, 
respectively. Such a constant ca exists by compactness of B and M. We then define 

uj := c\ - uoq © uo. 
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Lemma 3.2. The symplectic form uj tames the almost complex structure J. 

Proof. Let (f , w) G TM be such that (t>, w) ^ 0. Applying Inequahty (13.41) . the Cauchy- 
Schwarz inequahty and Young's inequahty we obtain 

uj{{v,w),J{v,w)) = c\-Uo{v,iv) + uj{w + XA(v),Jiw + XA{v))) 

- Uj(Xa(v), Jiw + Xa{v))) - Uj{J{w + Xa(v)), JXAiiv)) 

= c\ ■ \v\^ +\w + Xa{v)^j - {Xa(v),W + Xa{v))j 

— (^J{w + Xa{v)),Xa(iv)) J + {JXa{v),Xa{iv)) J 
> c\- \vf + \ w + Xa{v)\] - \Xa{v) \ j\w + Xa(v)\ 



IJ 



\j{w + Xa{v)) \ J \XA{iv) \ J — \ JXa{v) \ J \XA{iv) 



2 1 I 1 2 



> Ca-\v\ + \w + Xa(v)\j - 4:\Xa(v)\j - + Xa{v)\j 

1 I 1 2 I 1 2 I II I 

— -\w + Xa{v)\j — 4 |X^(ii,)|^ — |X^(j,)|^ |X^(i^)|^ 



2ii2 -"-I -lA |2 -"-2 112 -"-2 I- 

> Ca-\v\ + 2 r + 5^a- 1^1 --^Ca-\iv 



|2 



1 



Ca-\v\ +-\w + Xa{v)\j--Ca-\v\ --Ca-\v\ 



> l{cl-\vf +\w + XAi.)Q > 0. 



□ 



Let us denote by (■, ■)j the Riemannian metric on M associated to the symplectic form 
uj and the almost complex structure J, that is, 

{{Vi,Wi), {v2,W2))j ■■= ^(u{{vi,Wi),J{v2,W2)) - Lj{j{Vi,Wi), {V2,W2))^ 

for {vi,Wi), {v2,W2) G TM. The norm associated to this metric is then given by 

\{v,w)\'^j = uj{{v,w),J{v,w)) 
for (f , w) G TM. The next result relates this norm with the metrics on B and M. 
Lemma 3.3. The metric on M determined by uj and J satisfies the relation 

i (^\vf + \w + Xa{v)\']^ < |(^>«^)|j < 34 • (l^^l^ + \ w + Xa{v)\ 
for all tangent vectors {v,w) G TM, where ca is the constant from Ili3.4\ ). 
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Proof. We have already seen in the proof of Lemma 13.21 that 

\{v,w)\'^j = u}{{v,w),J{v,w)) > i (^\vf + \w + XA{v)\iy 
A similar computation yields the estimate 

Uj{{v,w),J{v,w)) = c\- \vf + \w + Xa{v)\'] - {Xa{v),W + Xa{v))j 

— ( J(w + XA{v)),XA(iv))j + {jXA{v),XA{iv))j 

< c\ - \v\^ + \w + Xa{v)\^j + \Xa(v)\j\w + Xa(v)\j 
+ \ J{W + Xa{v))\j \XA{iv)\j + I -'^-^^(i;) I J 

< c\ ■ \vf' +\w + Xa{v)^j + |-^A(i,)| J +\w + Xa{v)^j 

I 1 2 I 1 2 I II I 

+ I ti? + Xa{v) I j + I ^A{i v)\j+ I Xa{v) I J I Xa(i v) I J 

< (?A - |t^|^ + 3|w + XA(t,)|^ + 2|XA(j,)|j + 2|X^(i^)|^ 

^ 2 I |2 I o I \ V |2 I 2 I |2 I 2 I- |2 

< Ca-\v\ ^ 6\W ^ Xa{v)\j ^ Ca- \v\ +C^-|lf| 



2 I |2 I o I I \A |2 I 2 I |2 I 2 II 



Here we used that c^i > 1 by definition. □ 

Next we derive a mean value inequality for the J-holomorphic curve £t:i?\{0}^M 
from the a priori estimate for the vortex ($, \E', %l) provided by Theorem 12. 1[ Note that 
the mean value inequality of Lemma 4.3.1 in McDuff and Salamon [TB] does not apply 
to the curve u since the almost complex structure J is only continuous. Recall first that 
the energy of the curve u on an open subset [/ C -B is given by 



E{u; U) = - [ \du\] -X^ dsA dt, 
2 Ju 



where the operator norm Idttlj is understood with respect to the standard metric on B 
and the metric on M determined by ui and J (see [IQl, Section 2.2). 

Lemma 3.4. The energy of the curve u: B \ {0} —>■ M is finite, that is, 

E{u, B) < oo. 

Moreover, there exist constants 5 > 0, Ca > and Tq > such that for all zq E B \ {0} 
and all < r < ro such that Br{zo) G B \ {0}, the curve u satisfies the mean value 
inequality 

E{u;Br{zo)) <6 =^ \du{zo)\]<^-E{u;Br{zo))+CA. 
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Proof. We start by comparing the energy of the map u: B \ {0} M and the Yang- 
Mills-Higgs energy of the vortex ($, Recall from (I3.2p that the Yang-Mills-Higgs 

energy of ($, \E', m) on [/ C 5 is given by 

E{<l>,^,u;U) = j (^\dAu\] + \li{u)f^ \^ dsAdt 

By Lemma 13.31 we have estimates 



and 



<'icj^-y\v\ \\&a{v)\XA(y){u)\j^ ='icj^-y\v\ \ \^Au{v)\jy 

for all V G TB. Rewriting these estimates in terms of operator norms we get 

^ (l + |d^«|;) < Id^l} < 3 4 ■ (l + |dA«| J) . (3.5) 

Hence we may estimate the energy of u in terms of the Yang-Mills-Higgs energy of 
($,^f,M) by 



E{u;B) = - [ Idufj \^ dsAdt 
2 Jb 

c\ - I (l + \dAu\]\ ds Adt 



3 
2 



= 2,c\ j^{^\dAu\] + \ii{u)f^\^ dsAdt 

-34-^(^|M«)|'-^) d.Adt 

< 3c\- E{^,<il,u) + 3c\- j (^\fi{u)f + X'^ ds Adt. 

The first term on the right-hand side of this inequality is finite as £'($, \E', m) < oo by 
assumption (ii). The second term is finite because \fi{u) \ is bounded since M is compact. 
Hence E{u; B) < oo, which proves the first assertion of the lemma. 

To prove the mean value inequality, we fix ^ \ {0} and r > such that Bj-^zq) C 
B \ {0}. By Theorem 12.11 there exist constants 6' > and C > such that the vortex 
($, \&,m) satisfies the a priori estimate 

E{^,^,u;Brizo)) <5' =^ e($, ^, m)(zo) < ^ ■ ^($, ^, ^.(^o)). (3.6) 
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Define a constant 

TT 11 1 1 2 II 1 1 2 

^ 2 ' ll'^llco(B) ■ ll^llcO(M) - ^• 

Note that K is finite by compactness of B and M. We next define tlie constants 6 and 
CAhj 

S:=j>0 and Ca := 12 cl ■ C ■ (K + 1) ■ > 0, 

wfiere ca is tlie constant from (13.41) . We also set 



ro :=min > 0. 

Assume now tliat r < vq and 

E{u;Br{zo)) <6. (3.7) 
We tlien obtain from (13. 5p tlie inequality 



E{u;Br{zo)) = - \dufX^dsAdt 

2 JBrizo) 

> - f (\dAu\] + ds A dt 
4 JbAzo) ^ ^ 



(^o) 

I [ (hdAufj + Hu)Ax'dsAdt 

-If (Hu)f-l)x'dsAdt 



> ^E{<l>,^,u;Br{zo))-^Kr'. 

We have thus proved that 

E{^,'^,u;Br{zo)) < 2E{u;Br{zo)) +Kr^. {3.t 
Hence it follows from assumption (13. 7p that 

E{<l>,^,u-Br{zo)) <^- + Kr\ 

Since r < tq it follows from the definition of tq and the previous inequality that 

E{^,m,u-Br{zo)) <6\ 
and so the a priori estimate (13.61) implies that 

e($,^,u)(2;o) <^-E{^,^,u;Br{zo)). 



32 A. OTT 

Combining this with the second inequahty in f l3.5p . we obtain 
\duizo)\^ <3cl- (l + \dAuizo)\]^ 

< 64- \dAu{zo)\l + \fi{u{zo))\'^^ +34 
= 6 4.e($,^,M)(zo)-A-2(zo) + 34 



< ■ E ($, VI/, Br{z,)) + 3 4. 



Here we used the relation 

^ \dAu{zo)f + Hu{zo))f = e{<l>,^,u){zo) ■ X-\zo) 

which holds by Formula fll.4p . Again applying Inequality fl3.8p . we obtain from this an 
estimate 



12clC-\-^( 



\duizo)f < ^""^^^V' ■ E{u- Br{zo)) + 3(4CK ■ \-\z,) + l)-c\ 

<^-E{u;Br{zo))+CA. 



Ca 

□ 

We shall also need the following isoperimetric inequality for the almost Kahler manifold 
M which is taken from Theorem 4.4.1 in [16]. Before we state it, we briefly recall some 
notation from [TB], Section 4.4. For any smooth loop 7: dB ^ M we denote by 

£(7):= r\m\d9 

Jo 

its length with respect to the metric (■, If the length £(7) is smaller than the injec- 
tivity radius of M , then 7 admits a smooth local extension u^: B ^ M such that 

for all 9 G [0, 2ti\. The local symplectic action of 7 is then defined by 

a(7) := - / 

JB 

Note that it does not depend on the choice of local extension as long as the length 
of 7 is smaller than the injectivity radius of M. Then the isoperimetric inequality 
from Theorem 4.4.1 in [16] applies to the manifold M even though the almost complex 
structure J is only continuous. In fact, a careful analysis of the proof of Theorem 4.4.1 
shows that it does not require the almost complex structure to have more regularity, and 
so we have proved the following lemma. 
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Lemma 3.5. For every constant c > 1/Att there exists a constant > such that 

^(7)<4 =^ |a(7)|<c-%)2 

for every smooth loop 7: dB — > M. 

The next result shows how this isoperimetric inequahty can be used to estimate the 
energy of the curve u. It is adapted from Lemma 4.5.1 in McDuff and Salamon [16]. First 
we need some more notation. Let ro be the constant of Lemma 13. 4[ Define a smooth 
function 

e: (0,ro] ^ [0,00), £(r) := 5,(0)) = ^ / \du\\ 

^ JBr(O) 

which assigns to every r the energy of the punctured curve u: B\ {0} ^ M on the disc 
Br{0), and let 7,: dB — > M denote the loop defined by 

7.(^) :=u{re'') 

for 6 G [0,27r]. Note that the function e is nondecreasing and that limr-,oe{r) = 0. 

Lemma 3.6. For every constant c> I/Att there exists a constant ri > such that 

< r < ri =^ sir) < c ■ (iijrY . 

Proof. The proof is adapted from that of Lemma 4.5.1 in [16]. So let c > l/47r, let Cq be 
the constant from Lemma 13.51 and let 5, Ca and tq be the constants from Lemma 13. 4[ 
We fix a constant ri > such that 

ri < min V 0, 2 | ^"^^ £^(2ri) < min 1 6, ° 27r^C ~ J ' (3.10) 

This is possible since by Lemma 13.41 the energy e{l) = E{u) is finite and because the 
function e is smooth and nondecreasing with \im.r-^Q£{r) = 0. 

Let now < r < ri. Then E{u] i?2r(0)) = e{2r) < 6 hj Inequality fl3.10p . so the mean 
value inequality of Lemma 13.41 yields 

\du{re'')\^ < ^■e{2r) + CA. 
Hence the norm of the derivative of 7, in the direction of 6 satisfies an estimate 

17.(^)1 = ■ |d^K)| < y^-e(2r) + ^-r2. 
Using Inequality fl3.10p we thus infer that the length of the loop 7, satisfies 

%r) = / |7r(^)| d^ < ^/2tt^ Ca ■ e{2r) + 2n^ Ca-t^ < io- (3.11) 
Jo 

Let < p < r < ri, and denote by -Up: B ^ M the local extension of the loop 7p defined 
by the formula 

«p(pV^) :=exp^^(o)(p'e(^)) 
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for < p' < p and 6 G [0, 27r], where the map ^ : [0, 2-n] — > T^^{q)M is determined by the 
condition 

exp^^(o)(e(^))=7pW- 

We consider the sphere Vpr : S"^ ^ M that is obtained from the restriction of the curve 
u: B\ {0} M to the annulus Br{0) \ Bp{0) by filhng in the boundary circles and 
7r with the discs Up and Ur- Since the symplectic form uj tames the almost complex 
structure J by Lemma [3.2[ it follows from Lemma 2.2.1 in [16] that the J-holomorphic 
curve u: Br{0) \ Bp{0) — > M satisfies the energy identity 

E{u;Br{0)\Bp{0)) = u*u. 

J Br{0)\Bp{0) 

The sphere Vpr : S"^ ^ M is contractible because it is the boundary of the 3-ball consisting 
of the union of the discs Ug'- B ^ M for p < s < r. Whence 

= / V*pj.UJ = U*u} + U*pUJ — u*u}. 

Js'^ JBr{0)\Bp{0) Jb Jb 

To understand the minus sign on the right-hand side of this identity note that the discs 
Up and Ur have different orientation considered as submanifolds of the sphere S"^. Hence 
we obtain the identity 

E{u;BriO)\Bp{0))+ [ u^u = I u^u. 

Jb Jb 

Taking the limit p — 0, we obtain from this an equality 

eir) = E{u;Br{0)) = [ < 25 = 0(7,,), 

Jb 

which expresses the energy of the punctured curve u: B\ {0} ^ M in terms of the local 
symplectic action of the loop 7,.. By Inequality fl3.1ip we may apply the isoperimetric 
inequality of Lemma 13. 5[ whence 

£(r) <c-£(7r)'. 

□ 

Now we are ready for the proof of Theorem 11.11 
Proof of Theorem ll.lt Let p > 2 be a real number. Choose r > such that 

r < ri < - and e(2r) < 6, 

where ri and S are the constants from Lemma 13.61 and Lemma 13. 4[ respectively. Note 
that the existence of r is guaranteed because e(l) = E{u; 5) < 00 by Lemma 13.41 and 
the function e is smooth and nondecreasing with \imj.^Qe{r) = 0. 
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Let < p < r. First of all, note that we may write the function e in the form 

sip) =\ - f \du\'=\ - r p' r \du{p'e^')fdedp'. 

JBpiQi) ^ Jo Jo 

Choose the constant c > 1/4tt from Lemma 13.61 sufficiently small such that 

c<^ + 7r—- (3-12) 

The isoperimetric inequality of Lemma 13.61 then yields 

e{p) < c ■ £(7p)^ 



2 



dM(pe^^)|d^ 



<7rcp2- / \du{pe''^)\' de 
Jo 

= 2ncp ■ e{p). 



Here we used Holder's inequality and the explicit formula for e{p) given above. Setting 

a := ^— < 1 

477 c 

we may rewrite the previous inequality in the form 

2a ^ e{p)_ 

Let p < pi < Ti. Integrating this differential inequality from p to pi then yields 



P J ^(P) ' 

whence 

e{p) < ci ■ 

for some constant Ci := p]~^° ■ s{pi). Applying the mean value inequality of Lemma [33] 
we obtain the estimate 

\du{pe'')\' < % ■ e{2p) +Ca<c,- p~'^'~^^ + Ca, 
' ' p^ 

where Ca is the constant of Lemma 13.41 and C2 > is some constant not depending on 
p and 6. Furthermore 

|dM(pe'') I < • p-('-") + ^/C^. (3.13) 
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This inequality has two important consequences. First, applying Minkowski's inequality 
we obtain 



\du 



'Br(O) 

where the integral 



Brio) 



P 



-p(l-a) 



/ / p^-P(^-"M^dp = 27r- / p^-P^^-^^dp 
Jo Jo Jo 



'Br(0) 

is finite because 



p < 



1 — a 



by fl3.12p so that 1 — p{l — a) > —1. Thus we conclude that 



Br{0) 



\du\^ I < oo. 



This shows that the derivative of the punctured curve u: B\ {0} M is of class on 
Br{0). Second, it follows from (13.131) that the punctured curve it: B\ {0} M extends 
continuously over zero. In fact, consider any two points zi = rie*^^, Z2 = r2e*^^ in the 
punctured disc Br{0) \ {0} such that < ri < r2 < r and 6*1, ^ [0, 2n]. Then 



\u 



{z2)-u{zi)\ < \u{r2e'^^) - u{rie'^^)\ + \u{rie'^^) -u{rie'^')\ 



< 














ri 


<C3- 



dS(pe*^^) dp 



+ 



02 



du{rie'^) de 
ue'^WdO 



rr2 



d^ 



Cs ■ ( r° + r2 - - ri ) + C4 



< C3 ■ ((r2 - ri)" + r2 - ri) + Cg ■ \e''' - e''' 



for constants 03,04,05 > not depending on zi and Z2- As the manifold M is compact 
and hence complete, we conclude that u extends continuously over zero. Since the curve 
u is smooth on the punctured disc i?\{0}. Exercise 4.5.4 in [1^ now shows that the weak 
first derivatives of u exist on -8^(0) and agree with the strong derivatives on Br{0) \ {0}. 
Thus u is of class W^'^ on the disc -8^(0) and hence on all of B. This completes the 
proof of Theorem 11.11 
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4. Convergence modulo bubbling 

The aim of this section is to prove Theorem 14 . 1 1 below, which estabhshes a compactness 
result for vortices, ignoring any bubbling phenomena. Theorem 14.11 constitutes the first 
part of the proof of Theorem II. 8l on Gromov compactness for vortices. In the case where 
G = S^, this result was first proved by Mundet i Riera [18]. Also, under the stronger 
assumption that M is symplectically aspherical it was proved for arbitrary compact Lie 
group G by Cieliebak, Gaio, Mundet i Riera and Salamon [Ij. 

We begin by recalling some notation introduced in Section [H Let S be a compact 
Riemann surface endowed with a fixed complex structure js and a fixed area form dvols- 
Let P — i> S be a fixed G-bundle, and denote by P{q) '■= {P x g)/G S its adjoint 
bundle. Let J: E — > J'g{M,uj) be a smooth family of G-invariant cu-compatible almost 
complex structures on M, and denote the corresponding family of Riemannian metrics 
on M by (-, ■)j := u{-, J-). A pair {A,u) G A{P) x G^{P,M) is called a vortex if it 
solves the symplectic vortex equations 

dj,A{u) =0, Fa + fJ^iu) dvols = 0. 

The Yang-Mills-Higgs energy of a vortex {A, u) on an open subset f/ C S is given by 

E{A, ^■^U) = Q Id^nl' + Hu)f^ dvols, 

and we write E{A,u) = E{A,u;Tj). For every real number p > 2, the group ^^'^(P) 
of gauge transformations of class W'^'^ acts on the space ^i'P(P) X Wc'^'iP, M) of pairs 
(A, u) of class W^'^ from the right by 

g\A,u) := {g-^Ag + g-^dg,g-\). 

The vortex equations and the Yang-Mills-Higgs energy are invariant under this action. 
For zq and e > 0, we denote by 

Beizo) = G S I \z- Zo\<e] 

the closed geodesic disc in E of radius e centered at the point zq, understood with respect 
to the metric determined by the area form dvols and the complex structure js- 
The following is the main result of this section. 

Theorem 4.1 (Convergence modulo bubbling). Let {A^,Uu) be a sequence of vortices 
such that the Yang-Mills-Higgs energy satisfies a uniform bound 

sup E(^Ai,,Ui,) < oo. 

V 

Then there exists a smooth vortex {A^u), a real number p > 2, a sequence of gauge 
transformations g^ G ^^'^(P), and a finite set Z = {zi, . . . , zn} C of bubbling points 
such that, after passing to a subsequence if necessary, the following holds. 

(i) The sequence glAy converges to A weakly in the W"^'^ -topology and strongly in 
the G^ -topology on S. 
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(ii) The sequence {g*A^, g^^^Uu) converges to {A,u) strongly in the -topology on 
compact subsets ofT,\Z. 

(iii) For every j G {1, . . . , A^} and every e > such that B^{zj) (1 Z = {zj}, the limit 

m,{zj) := lim E{glA^, g~^u„; B^{zj)) 

U—i-OO 

exists and is a continuous function of e, and 

m{zj) := limms{zj) > h, 

e— ►0 

where h is the constant of Corollary \ 2. 2[ 

(iv) For every compact subset K G such that Z is contained in the interior of K, 

N 

E{A,u;K) +y^m{zj) = lim E{glA,, g;\,; K). 

< ' >oo 

i=i 

The proof of Theorem 14.11 will occupy the remainder of this subsection. It is inspired 
by the proofs of Theorem 4.6.1 in McDuff and Salamon [16j and Theorem 3.2 in Cieliebak 
et. al. [1]. The main novelty of Theorem 14. II is that we have to deal with possible bubbling 
since we do not assume M to be symplectically aspherical. In this way Theorem 14.11 
crucially relies on the Removable Singularity Theorem 11.11 In the case of circle actions, 
Theorem 14.11 was first proved by Mundet i Riera [18j using a different approach based 
on the compactness results for pseudoholomorphic curves obtained by Ivashkovich and 
Shevchishin |12j . 

Let us begin by considering a sequence {^Ay.Uy) of vortices whose Yang-Mills-Higgs 
energy satisfies a uniform bound 

sup £'(y4^, < oo. 

V 

We will call a point z G S singular for the sequence {Ay^u^) if there exists a sequence 
z^ of points in S converging to z such that 

\^A^Uy{z!')\j — > CX). 

The first step in the proof of Theorem 14. H is to observe that the sequence i^Ay^ Uy) can have 
only finitely many singular points. This is an immediate consequence of Proposition 3.4 
in [1]. However, we will give an alternative proof of this fact using a trick due to 
K. Wehrheim. It uses an indirect argument based on the a priori estimate of Corollary l2.2l 
thus avoiding an explicit construction of the bubbles. This is the content of the next 
lemma. 

Lemma 4.2. Let z be a singular point of the sequence {Ay,Uy). Then 

lim mi E( Ay, Uy] B^{z)) > h 

J/— >oo 

for every < e < R, where h and R are the constants from Corollary \ 2. Si 
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Proof. Let z he a. singular point of the sequence {A,^,Uu), and assume for contradiction 
that 

limini E(Au,Uu', Bi;{z)) < h 
for some Q < e < R. Since z is singular there exists a sequence z^ ^ z such that 

\dA,Uu{z'') \ > OO. 

Hence there exists z/q such that 

8 Ch 

z"' eB,/2{z), \dA^u,{z''^^)\ > ^ and E{A,,u,; B./^iz"')) < h. (4.1) 

We may therefore apply the a priori estimate from Corollary 12.21 to the vortex {Ay,u^) 
on the disc B^/2{z'^''), obtaining an estimate 

^|d^,«,(^^°)|' < i|d^,w,(^^«)|' + |/iK(;^^«))r <-^-E{A,,u,;B,/,{z''^)). 
Using the third inequality in (14. ip . it now follows from this that 

\a I ^'0^|2 ^ ^Ch 

\<^A^Uu[z °) < 

contradicting the second inequality in (14.11) . □ 

Since sup^ E{Ay, Uy) < oo by assumption, it follows from Lemma 14^2) that the sequence 
{Ajj., Uu) has finitely many singular points. More specifically, we have the following result. 

Lemma 4.3. After passing to a subsequence if necessary, the sequence {Ay,Ui,) has a 
finite set Z = {zi, . . . , z^} C S o/ singular points and satisfies 

for every compact set ii' C S \ Z. 

Proof. The proof of this lemma is exactly the same as that of the Claim in the proof of 
Theorem 4.6.1 in [TB], however, for the sake of completeness we record it here anyway. 
Recall that by Lemma [4.21 the sequence {A,y,u,y) has finitely many singular points. We 
may hence assume by induction that, after passing to a subsequence if necessary, the set 
of singular points of the sequence {A^, u^) contains the set 

Zk = {zi, • • • , Zk}. 

(We start with A; = and = 0.) If the sequence ||dA^u,^||2,oo(^) is bounded for every 
compact set K G S \ then there is nothing to prove. Otherwise, we can choose a 
compact subset K C T, \ Zk such that the sequence ||dA^Miy||L°=(_ft:) is unbounded. Then 
we may take a sequence of points z^^-^ in K such that 
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After passing to a further subsequence if necessary, we may assume that the sequence 
^k+i converges to a point z^+i G E \ and 

\dA,u^{zl^i) \ — > oo. 

Whence the singular set of this latter subsequence contains the set 

Zk+i '■— Zk U {zk+i}. 

Since the number of possible singular points is finite, this completes the proof. □ 

So by the last lemma, it is no loss of generality to assume that the sequence {A^, u^,) 
has finitely many singular points 

Z := {zi, . . .,Zn] 

and satisfies 

suplldA^w^ll^^.^. < oo (4.2) 

for every compact set C S \ Z contained in the complement of the singular points. We 
are now ready to investigate the convergence properties of the sequence {Aii^Uy) more 
closely. The next lemma is purely gauge-theoretic and of preparatory nature. 

Lemma 4.4. Fix a real number p > 2. There exist a pair (A.u) consisting of a connec- 
tion A e A^'^{P) on P and a section u e WI^^{Tj \ Z, P[M)) defined on'E\Z, a smooth 
reference connection Aq e A{P), and a sequence of gauge transformations g^ e Q^'^{P) 
such that the following holds. 

(i) The connection A is in Coulomb gauge relative to Aq, that is, 

d*A^iA-Ao)^0. 

(ii) After passing to a subsequence if necessary, the sequence {g^Ajj, g~^Uu) converges 
to {A, u) in the following sense. 

(a) The sequence glAy converges to A weakly in the W^'''^ -topology and strongly 
in the -topology on S. 

(b) The sequence g^^u„ converges to u weakly in the W^'^ -topology and strongly 
in the -topology on compact subsets ofT,\Z. 

(c) Every g^A^ is in Coulomb gauge relative to A, that is, 

d*A{g:A,-A)=0. 

(iii) The Yang-Mills-Higgs energy of the sequence {g*A,^,g~^Ui,) satisfies a uniform 
bound 

supE{g*A^,g-^u^) < oo. 
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Proof. Our argument is taken from the proof of Theorem 3.2 in pLj. By assumption, 
{A^, Uy) is a solution of the second vortex equation 

Fa, = -Ai(n^) dvols • 

Since M is compact, the right-hand side of this equation is uniformly bounded in the 
L^-norm on E, whence the sequence F^^ is uniformly bounded in the L^-norm on S. 
Thus, by Uhlenbeck compactness (Theorem A in [22]) there exists a sequence of gauge 
transformations hi, G Q'^'^{P) such that the sequence h*^Ai, is uniformly bounded in 
A^'^{P) with respect to the W^^'^-topology. It follows from the Banach-Alaoglu theorem 
(Theorem V.2.1 in [2S]) that there exists a connection A G ^^'^(P) such that, after 
passing to a subsequence if necessary, the sequence h^A^ converges to A weakly in the 
ly^'P-topology. 

Now we apply the local slice theorem (Theorem F in [2^, see also Theorem B.l in [1]). 
We take A as reference connection and choose a smooth connection Aq G A{P) such that 
\\A — ^oll VKi.p(s) (and hence also \\A — Ao||lp(e)) is sufficiently small. Then the local slice 
theorem (taking q = p) asserts the existence of a gauge transformation h G Q^'^{P) such 
that 

d*^{KAo-A) =0. 
This implies (see Lemma 8.4 (ii) in [22]) that 

dUo(^-^*^o) =0, 

whence 

d;;^, {h*A - Ao) = h* dl^^^ {A - KAo) = 0. 
Define the connection 

A := h*A G A^'^iP). 

Then A is in Coulomb gauge relative to ^o- This proves (i). 

We have seen above that hlA^, is uniformly bounded in ^^'^(P), so h*h*^jAy is uniformly 
bounded in A^''^{P) as well (by continuity of the action of the group of gauge transfor- 
mations, see [22], Lemma A. 6). Hence it follows from the Banach-Alaoglu theorem and 
Rellich's theorem (Theorem B.2 (iii) in p2]) that, after passing to a subsequence if nec- 
essary, the sequence h*hlAi, converges to A weakly in the VT^'^-topology and strongly 
in the C'^-topology. Now we apply the local slice theorem a second time, taking A as 
reference connection. By what we just proved, we have 

lim \\h*hlAy - ALp.y,^ = 0, sup \\h*hlAy - A\\^i,j,(j,-. < oo. 

Then the local slice theorem (again taking q = p) asserts the existence of a sequence of 
gauge transformations hy G Q^'^{P) such that 

d*A{kh*hlA,- A) =0 (4.3) 
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and 



lim 



h:,h*h*Au - A 



= 0, sup 

LP(E) u 



h*h*hr.Au - A 



< oo. (4.4) 



We finally define the desired sequence of gauge transformations by 

:= Kh*K e g''^{P) 

(see [22], Lemma A. 5). Then (14.31) proves (c) in (ii). 

Furthermore, by the Banach-Alaoglu theorem and Rellich's theorem it follows from 
the second estimate in (14.41) that the sequence g*Aiy is uniformly bounded in the W^'^- 
topology, and that, after passing to a subsequence if necessary, the sequence g^A^ con- 
verges to A weakly in the VT^'^-topology and strongly in the C°-topology. This proves 
(a) in (ii). 

It remains to show convergence for the sequence of sections Uj^. By Holder's inequality 
it follows from that 

sup ||dgjA,(5'"^M^) \\lp(k) = II^A^Mz.!! LP{K) ^ ^Up ||dA,Mi.|| i.c(^) < OO 

V U V 

for every compact subset C S \ Z. Hence, by compactness of M it follows that the 
sequence g'^^Uy is uniformly bounded in the VT^'^-norm on compact subsets of S \ Z. 
Thus we conclude from the Banach-Alaoglu theorem and Rellich's theorem that there 
exists a section u G W^^l^T, \ Z, P{M)) that is of class W^'^ on compact subsets of E \ Z, 
such that, after passing to a subsequence if necessary, the sequence g^^u^, converges to 
u weakly in the ly^'^-topology and strongly in the C°-topology on compact subsets of 
S \ Z. This proves (a) and (b) in (ii). 

Lastly, Assertion (iii) follows from the assumption supj, £'(^4,^, m^) < oo by gauge 
invariance of the Yang-Mills-Higgs energy. □ 

For the rest of this section, let us fix a real number p > 2. By Lemma (using gauge 
invariance of the vortex equations) we may henceforth assume without loss of generality 
that there exists a pair [A, u) consisting of a connection A G A^'^{P) on P and a section 
u G Wl^^^ijl \ Z,P{M)) of P{M) defined on S \ Z, and a smooth reference connection 
Aq G A{P), such that the following holds. 

(i') The connection A is in Coulomb gauge relative to Aq, that is, 

dX{A-Ao) = 0. 

(ii') The sequence {Ay,Uy) converges to {A,u) in the following sense. 

(a) The sequence A,y converges to A weakly in the VT^'^-topology and strongly 
in the C°-topology on S. 

(b) The sequence converges to u weakly in the '''^-topology and strongly 
in the C°-topology on compact subsets of S \ Z. 

(c) Every A^, is in Coulomb gauge relative to A, that is, 

d*^{A,-A)=0. 
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(iii') The Yang-Mills-Higgs energy of the sequence {Au,Uu) satisfies a uniform bound 

sup E{Ay, Uy) < oo. 

V 

Let us note at this point that part (a) of (ii') above proves Assertion (i) of Theorem 14. 1[ 

Next we consider the vortex equations 

dj,A,{ui,) = 0, Fa, + fi{uy) dvols = 

in the hmit — > oo in order to obtain hmit equations for the pair {A, u) . Since the 
sequence of sections only converges on compact subsets of E \ the hmit equations 
win only be defined on S \ Z. Using the Removable Singularity Theorem II. we will 
later be able to write down limit equations for {A^u) that hold on all of S. 

Lemma 4.5. The pair (A, u) is a solution of class W^^^ of the vortex equations on the 
complement 'L\Z of the singular points. 

Proof. Since the family J: S ^ J'g{M, uj) is smooth, it follows from parts (a)-(b) of (ii') 
on p.|l2]that the sequence of 1-forms 

converges weakly in the L^'-topology on compact subsets of S \ Z to the 1-form 

dj,A{u) = i {dAU + J{u)o dAU o js) . 

Likewise, it follows that the sequence of 2-forms 

Fa, + ti{uy) dvols 

converges weakly in the L^-topology on compact subsets of S \ Z to the 2-form 

Fa + dvols . 

On the other hand, every pair {Ay,Uu) satisfies the vortex equations 

dj,A,iuu) = 0, Fa, + niu^) dvols = 0. 

Passing to weak L^-limits, it thus follows that the pair {A, u) is a solution of class VFj^f 
of the vortex equations 

^j,a(m) = 0, Fa + dvols = 
on the open subset S \ Z. □ 

By the previuous lemma, the limit pair (A, u) is a vortex of class VFj^f on E \ Z. In 
order to prove that {A, u) satisfies the vortex equations on all of S, we have to apply the 
Removable Singularity Theorem ll.li The next result ensures that this theorem actually 
applies to the pair (A, m). 
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Lemma 4.6. The limit pair {A,u) has finite Yang-Mills-Higgs energy E{A,u) < oo. 
Proof. Let C S \ Z be an exhausting sequence of compact subsets such that 

K^Cir^+i and [jK^ = J:\Z. 

By parts (a)-(b) of (ii') on p.|l2]the sequence {A,^,Uu) converges to {A,u) weakly in the 
VT^'^-topology on compact subsets of S \ Z. It follows that the sequence of functions 

e{A^,u^) := ^(I^aJ^ + \dA,u^f + \Kuu)f^ 

converges to 

e{A,u) := ^(^IFaI' + \dAuf + Hu)f) 
weakly in the L^/^-topology on every compact set K^. Hence 

/ e(A, m) dvolE = lim / e{A^,Uu) dvolj^ 

for every fi. Moreover, since {Aiy,u,,) is continuous on S, 

lim / e(Aj„M,,) dvols = / e(Aj„ Mj,) dvols = e{A„,u^) dvolj^ = E {A,,, u„) 

for every v. By Fatou's lemma we therefore have 

E{A,u) = j e(A, u)dvols 

e{A, u) dvols 



< liminf / e(y4, u)dvols 
= liminf lim / e(yl,^, M;^) dvols 



< sup hm / e{ Ay, u y) dYolY. = sw^i E{Ay,Uy). 

In the last inequality we used that, for z/ fixed, the sequence e{Ay,Uy) dvols is non- 
decreasing. Since supy E{Ay,Uy) < oo by (iii') on p.|131 the claim follows. □ 

We may now apply the Removable Singularity Theorem II. II to the limit pair {A,u). 
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Lemma 4.7. The pair (A, m) is a solution of class W^'^ of the vortex equations on all 
of^. 

Proof. Let Zj G Z be a singular point of the sequence {A^, u^), and choose a holomorphic 
disc S — >■ E such that the singular point zj gets identified with the origin, where B <Z C 
denotes the closed unit disc. As we have seen in Remark 11.31 locally in this chart the 
vortex {A, u) gets identified with a triple ($, ^ , u) satisfying the vortex equations 

dsU + X$(m) + J{dtu + X^(m)) = 
ds^ - dt^ + [$, ^] + ^{u) = 

on the punctured disc B \ {0}. Here the functions $, ^1/ : 5 — > g are defined by 

A = $ ds + ^' dt, 

and the function A : B ^ (0, oo) is defined by 

dvols = A^ ds A dt. 

Since A is of class W^'^ on S, it follows by Rellich's theorem (Theorem B.2 (iii) in [22j ) 
that the functions $ and \l/ are continuous on all of B. Moreover, the Yang-Mills-Higgs 
energy -£'($, of the vortex ($, \E',m) is finite by Lemma [4.61 (see also Remark 11.31) . 
Hence the Removable Singularity Theorem 11.11 implies that the map u is of class W^''^ 
on all of B. 

Since the set Z of singular points is finite, we have thus proved that the section 
u: T.\Z ^ P{M) extends to a section u: S ^ P(M) of class W^'^ on S. It follows 
from Lemma [4.51 that (A, u) is a ly^'^- solution of the vortex equations on all of S. □ 

By the previous lemma, the limit pair (A, u) is a vortex of class W^'^ on S. It remains 
to prove that (A, u) is actually smooth and that the sequence {A^, u^) converges to (A, u) 
in the C°°-topology on compact subsets of S \ Z. This is the content of the next result, 
which will complete the proof of Assertion (ii) of Theorem 14. 1[ 

Lemma 4.8. Suppose that the limit pair (A, u) is a vortex of class W^''^ on E. Then the 
following holds. 

(i) (A, u) is smooth. 

(ii) After passing to a subsequence if necessary, the sequence {A^, u^) converges to 
{A,u) strongly in the -topology on compact subsets ofT,\Z. 

Proof. The proof is by standard elliptic bootstrapping and is taken from the proof of 
Theorem 3.1 in [1]. 

We prove (i) first. Let £ be a positive integer. We will prove by induction that A and 
u are of class W^'^ and of class on E, for 1 < k < i + 1. 

For k = 1, this is true since {A,u) is of class W^'^ on E by assumption. 
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Now suppose that the claim is true for some 1 < k < £. By assumption, the pair 
{A, u) solves the vortex equations 

dj,A{u) = 0, Fa + dvols = 0. (4.5) 

Consider the connection A. Set a:= A-A^e T*So ® P(g)). By (i') on p.|121 

there exists a smooth reference connection Aq e A{P) such that A is in Coulomb gauge 
relative to Aq, that is, 

d^a = 0. (4.6) 
Combining this equation with the second vortex equation in (14. 5 p we obtain 

dAo^ = da + [Aq a a] 

= dA- dAo + [Aq a A] - [Aq a Aq] 

dAo + ^ [Ao A Ao]^ - ^ [^0 A Aq] + [Ao ^A]+dA 
= -Fa, -\[a^a] + ]^[A^A] + dA ^^'^^ 
= -Fao - i [a a a] + F4 

= -Fao - - [a a a] - n{u) dvols • 

Since A and u are of class W^'^ by assumption, it follows from Formula (14. 7p that d^oO; 
is of class W^'"'^. Furthermore, it is obvious from Formula (14.61) that d^^^a is of class W'^'^. 
Hence it follows from elliptic regularity for the Hodge-Laplace operator d^od^^i + d^^^ dAo 
that a is of class Thus A = Aq + a is of class VFjo^^'^- By Rellich's theorem 

(Theorem B.2 (iii) in [22]), it follows that A is of class 

Next we prove that u is of class W^^^'^ and of class C'^. We shall work in local 
coordinates. Choose a holomorphic coordinate chart C D D ^ S on E and a Darboux 
chart on M, that is, assume without loss of generality that {M,uj) = (M^"',ci;o), where 
Uo is the standard symplectic form on M^". By Remark 11.31 with respect to these local 
coordinates, the first vortex equation takes the form 

dsu + X^{u) + J{u){dtu + X^{u)) =0, (4.8) 

where we express A as 

A = ^ ds + dt, $,^:D^g 
and consider J{u) matrix-valued map 

J{u):D ,M2nx2n_ ^4_g^ 

We may then rewrite Equation (14. 8 p as 

dsU + J{u) dtu = -X^{u) - J{u)Xq,{u). (4.10) 
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Since A is of class C^, so are $ and \1/ and it follows that the vector fields X<i, and 
are of class on D as well. Moreover, since u is of class ly'^'P it follows from Lemmata 
B.8 and B.l in [22] that the map (14. 9 p is of class W^^f on D. Hence we conclude that 
the right-hand side of Equation (14.101) is of class Wj^f . Applying Proposition B.4.9 (i) in 
[IB] (see also Lemma 3.3 in [T]) it follows that u is of class on D. By Rellich's 

theorem we infer that u is of class C'^ on D. This proves (i). 

Now we prove (ii). Let £ be a positive integer. We prove by induction that {Ai,,Uu) 
converges to {A,u) weakly in the VT'^'^-topology and strongly in the C*^~ ^-topology on 
compact subsets of S \ Z, for 1 < A; < £ + 1. 

For k = 1, this is true by parts (a)-(b) of (ii') on p.H2l 

Now suppose that the claim is true for some 1 < k < i. We first prove that the 
sequence {Aiy,Uu) is uniformly bounded in W'''^^'^ on compact subsets of S \ Z. Since 
{Au, Ui) converges weakly in the H^^^'^-topology on compact subsets of S \ Z, it follows 
from the Banach-Steinhaus theorem that {Ay,Uv) satisfies a uniform W^'^-hovjid on 
compact subsets of S \ Z. 

Consider the sequence A^. Set := A^ - A e W^^p{Y. \ Z,T*{^ \ Z) ^ P{q)). By 
part (c) of (ii') on p.|l2l every A^, is in Coulomb gauge relative to A, that is, 

d>, = 0. (4.11) 

Combining this equation with the second vortex equation F^^ + fi{uu) dvols = we 
obtain 

dyi«v = doj^ + [A A 

= dA^ -dA+[AA A^] - [AAA] 

= -(^dA + ^[AAA]^ -^[AAA] + [AAA,]+ dA, 

= -Fa-^ [a, A a,] + i [A, A A,] + dA, ^^'^^^ 

= -Fa -^[QuA a^] + Fa, 

= -Fa -^[a^ a a^] - fi{u„) dvols . 

Since A^ and u^, are uniformly bounded in ly^'^ on compact subsets of S \ Z, it follows 
from Formula (14.121) that dAC(u is uniformly bounded in W^'^ on compact subsets of 
S \ Z. Furthermore, it is obvious from Formula (14.111) that d*j^a^ is uniformly bounded 
in W^'"'^ on compact subsets of S \ Z. Since A is smooth on E by Assertion (i), it follows 
from elliptic regularity for the Hodge-Laplace operator d^id^ + d^ d^ that is uniformly 
bounded in W'^'^^'^ on compact subsets of S \ Z. Thus the sequence A^ = A + is 
uniformly bounded in W'^'^^'^ on compact subsets of E \ Z. 

Next we consider the sequence of sections u^. As in the proof of Assertion (i) above 
we shall work in a holomorphic chart C D D ^ H and a Darboux chart on M, that is. 
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we assume without loss of generality that (M, tu) = (M^",c<Jo). The first vortex equation 
then takes the form 

dsU^ + X^^ (u^) + J{u^) {dtu^ + X^^ (u^)) = 0, (4.13) 

where we express as 

and consider J{uy) as a matrix-valued map 

J{U^):D ,M2nx2n_ 

We rewrite Equation (14.131) as 

dsUu + J{uu) dtUy = -Xcs>^{uu) - J{uy)X^,^{uy). (4-15) 

Since Ay is uniformly bounded in W^~^^'P on compact subsets of S \ Z, Rellich's theorem 
implies that the sequence A^, is uniformly bounded in C*^. Hence the vector fields Xq,^ 
and X^,^ are uniformly bounded in C'^ as well. Moreover, since Ui, is uniformly bounded 
in W^'^ on compact subsets of S \ Z, it follows from Lemmata B.8 and B.l in [22] that 
the maps (14.141) are uniformly bounded in VT^'P on compact subsets of S \ Z. Hence we 
conclude that the right-hand side of Equation (I4.15P is uniformly bounded in W^'^ on 
compact subsets of E\Z. Applying Propositions. 4. 9 (i) and (ii) in [16] (see also Lemma 
3.3 in [T]), it follows that Ui, satisfies a uniform l^'^+^'P-bound on compact subsets of 
E \ Z. This shows that the sequence is uniformly bounded in I^'^+^'P on compact 
subsets of S \ Z. 

Since {A^, Uy) is uniformly bounded in W^^^'^ on compact subsets of S \ Z, it follows 
from the theorems of Alaoglu and Rellich that there exists a connection A^o and a 
section u^o, both of class W^^^'^ and of class on S \ Z, such that, after passing to 
a subsequence if necessary, the sequence {A^,u^) converges to (AqcMoo) weakly in the 
|yfc+i.p_topology and strongly in the C'^-topology on compact subsets of S \ Z. Since 
{A,^, Uu) converges to (A, u) strongly in the C°-topology on compact subsets of S \ Z by 
(ii)(a)-(b), we must necessarily have A = A^o and u = Uoo- This completes the inductive 
step, and finishes the proof of (ii). □ 

We now prove Assertions (iii) and (iv) of Theorem 14.11 We will proceed along the 
lines of the proofs of Assertions (ii) and (iii) of Theorem 4.6.1 in [IB] . 

Fix numbers Ej > for j = 1, . . . ,N such that the geodesic discs B^_.{zj) are pairwise 
disjoint. Then, after passing to a subsequence if necessary, the limits 

m^X^j) ■= lim E(Ay,Uy;B^^{zj)) 

exist for j = 1, . . . , A^. The function e ^— m^{zj) is continuous for < e < Ej since 
{Ai^,Ui^) converges in C°° on the annulus B^.{zj) \ B^{zj). Recall from Lemma [4.21 that 

lim inf E(A,y, u^] B^^ {zj)) > h. 
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Hence it follows that 



m{zj) := \\mm^{zj) > h. 



This proves (iii) in Theorem 14.11 To prove (iv), fix a number e < min^ sj and note that 

/ Af \ N 

eIa,u-K\[\B,{z,)] = lim E{A„u,;K) -Y^ lim E {A,, u,;B,{zj)) 



N 



lim E(A^,u^;K) - y^m^{zj). 



AT 



Taking the limit e ^ 0, 

E{A,u;K)= lim E(A^,Uu]K) - y^m{zj). 

3=1 

This proves Assertion (iv) and completes the proof of Theorem I4.1[ 

5. GROMOV COMPACTNESS 

The goal of this section is to prove Theorem 11.81 on Gromov compactness for vortices. 
Our proof is modeled on the proof of Gromov compactness for pseudoholomorphic curves 
by McDuff and Salamon [16J, Theorem 5.3.1. In the case of circle actions, Theorem 11.81 
was first proved by Mundet i Riera [18] in a different manner using the compactness 
results for pseudoholomorphic curves obtained by Ivashkovich and Shevchishin [12j . 

The strategy of our proof of Theorem 11.81 is to reduce the construction of the limit 
polystable vortex to the construction of the limit stable curve of a suitably chosen se- 
quence of pseudoholomorphic curves with uniformly bounded energy as in McDuff and 
Salamon [16]. This requires some preliminary results, which we provide in the next two 
subsections. In Section 15.11 we apply the graph construction in order to transform vor- 
tices into pseudoholomorphic curves. In Section [5^ we adapt the bubbling analysis from 
[IB] to our situation. The actual proof of Theorem 11.81 is then contained in Section 15.31 
where we combine the preliminary results of the previous sections. 

We begin by recalling some notation from Section [TJ Let S be a compact Riemann 
surface endowed with a fixed complex structure js and a fixed area form dvol^. Let 
vr: P E be a fixed G-bundle. Let J: S — ^ J7g(M, tu) be a smooth family of G- 
invariant cj-compatible almost complex structures on M, and denote the corresponding 
family of Riemannian metrics on M by (-, ■) j := uj{-, J-). The Yang-Mills-Higgs energy 
of a vortex [A, u) on an open subset f/ C S is given by 

E{A, ^■,U) = 1^ Q \dAufj + dvols, 
and we write E{A, u) for the Yang-Mills-Higgs energy of (A, u) on S. 
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5.1. Vortices vs. pseudoholomorphic maps. In this subsection, we apply the graph 
construction in order to transform vortices into pseudoholomorphic curves. We deduce 
a mean value inequality for these curves from the a priori estimate for vortices proved in 
Section [21 The results of this subsection are in preparation for the proof of Theorem 11.81 
in Section [5751 

The main result of this subsection is the following proposition. Recall that we denote 
by p: P{M) = (P x M)/G S the fiber bundle associated to the G-bundle P ^ S and 
the G-manifold M. 

Proposition 5.1. Fix a complex structure and an area form dvolg on S, and let 
J: S — s> J'g{M,uj) be a smooth family of G -invariant uj -compatible almost complex struc- 
tures on M . Let Aq G A{P) be a smooth reference connection on P. Then Aq induces a 
symplectic form on P{M). Moreover, there exist constants c, c', c" > 0, tq > 0, and 
6,C > such that for all vortices {A, u) satisfying 

the following holds. 

(i) The family J: H —>■ J'g{M,uj) and the connection A give rise to an almost 
complex structure J a on P{M) that is tamed by the symplectic form ujaq- 

(ii) The almost complex structures J a and Jaq satisfy 

\\Ja - -^AollcO(s) - ■ 11^ " ^o||cO(s)- 

Denote by u: S ^ P{M) the section of P{M) that is induced by the G-equivariant map 
u: P M (see Remark \1.4\ )- 

(iii) The curve u: S ^ P{M) is {js, J A)-holomorphic. 

Denote by := ujao{'iJa') the Riemannian metric on P{M) determined by the 

symplectic form uja and the almost complex structure J a, and recall that the energy of 
the curve m: S — P{M) is given by 




where the operator norm |dM| is understood with respect to the metric (■, on P{M) 
and the Kdhler metric on S determined by dvols and j^. 

(iv) The energy of the curve u: J] —>■ P[M) and the Yang-Mills-Higgs energy of the 
vortex {A, u) are related by 

Ej^{u) < d' ■ {Ej{A,u) + Yo\{j:)). 

(v) For all zq & and all < r < tq, the curve -u: S ^ P{M) satisfies a mean 
value inequality of the form 

Ej^ {u; Brizo)) < 6 =^ \Mzo)\]^ <^-Ej^ [u] B^^z^)) + C. 
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The proof of Proposition 15.11 will occupy the remainder of this subsection. 

We begin with a general review of symplectic forms and almost complex structures on 
the fiber bundle P{M). Our exposition follows the work of Mundet i Riera [18], Mundet 
i Riera and Tian |19j, Cieliebak, Gaio, and Salamon [2] and Gonzalez, Woodward, and 
Ziltener [5]. 

For now assume that A G A{P) is an arbitrary smooth connection on P. Fix a complex 
structure js and an area form dvol^ on E. We denote the points of P{M) = (P x M)/G 
as equivalence classes [p, x], where p E P and x G M. The tangent space Tij,^x]P{M) of 
P{M) at any such point is then given by 

T[p,.]P(M) = (T,P X T.M)/{(K, -X^ix)) I e G fl}, 

where pC, G TpP denotes the infinitesimal action of C, on the total space P at the point p. 
The elements of this tangent space will be denoted as equivalence classes where 
V G TpP and w G T^M. The connection A gives rise to a splitting 

P ^ rpphov rpp vert 

of the tangent bundle of P into horizontal and vertical subbundles. This splitting further 
induces a splitting 

TP(M) = TP{M)^°' © TP{My^'^ (5.1) 

of the tangent bundle of P{M) in the following way. The horizontal subbundle is the 
image of TP^™ in TP{M) and is given by 

TP{Mf°' = {TP^°' xM)/G^ p*TE, 

where p: P{M) S denotes the bundle projection. The vertical subbundle is the kernel 
of the differential dp: TP{M) TS and is given by 

TP(M)""'^* = (P X TM) /G. 

The decomposition of any tangent vector [v,w] G T[p ,j.]P(M) corresponding to (15. ip is 
then given by 

[v,w] = [v''°'^+pAp{v),w] = [v''°\w + Xa,(,){x)]. (5.2) 

We now explain how the connection A induces a symplectic form on the total space 
P{M). First we review from Guillemin and Sternberg [9J, Section 9.5, the construction 
of the coupling form on P(M). Denote by pi : P x M — P and p2: P x M ^ M the 
canonical projections, and consider the 2-form 

aA ■=P*2^- d{plA, fiop2)^eQ^{P X M) 

on the product P x M . It is closed because uj is closed, and G-invariant since uj is G- 
invariant and A and /i are G-equivariant. To simplify notation, we will henceforth drop 
the projections pi and p2 and simply write 

aA = uj- d(A,/i). 
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We prove that a a vanishes along the orbits of the G-action on P x M and thus descends 
to a closed 2-form 

on P{M), which is called the coupling form in [9j. To this end we compute 

aA = uj - (dA, n) + (AA d/x). 

For later reference we spell out this formula in more explicit terms. Let {p,x) & P x M 
and (f 1, wi), (t>2, W2) G TpP x T^M. Then 

aA{iVi,Wi), {V2,W2)) = Uj{Wi,W2) - {Fa{vi,V2) - [A{vi) , A{v2)], fi) 

+ (Aivi), dfi{w2)) - {Aiv2), dfxiwi)). (5.3) 

Assume now that {vi,wi) = (p^, —X^{x)) is the infinitesimal action of ^ G g on {p,x). 
Using the relations 

uj^{Xi:{x),w) = (d^^(w),^), d^^{X^{x)) = ([^1,6], -^3) = (6, [6,^3]), 

where ^i,C,2,C,3 G 0, we then obtain 
^aHp^, -Xi:{x)), {v,w)) 
= -uj^{X^ix),w) - {iFA)p{p^,v) - [Ap{p^),Ap{v)lfx{x)) + (Ap(pO,4./iH> 

+ {Ap{v),d,fi{X^{x))) 
= -(d,/i(w;),e> + {[Ap{pO,Ap{v)],fi{x)) + {^,d,fi{w)) + {Ap{v),d,fi{X^{x))) 
= {[^,Ap{v)],fi{x)) + {Ap{v), [^,fi{x)]) 
= - {Ap{v), [e,/i(x)]> + {Ap{v), [e,/i(x)]> = 0, 

where in the second equality we used that Fa is horizontal. Thus aA in fact vanishes 
along the G-orbits, so the coupling form cr^ is well-defined. As a by-product of this 
calculation we obtain from (15. 3p an explicit formula for the coupling form. That is, for 
tangent vectors [f2,u'2] G TP{M) we obtain 

aA{[vi,Wi], [1^2,^2]) 

= t^A ( [^^i", Wi + XAi,,)] , [v^"\ W2 + XAiv2)] ) 

= U;{wi+XAi.,),W2+XAi,,)) - {FA{v'^°\v^°'),fi) 

+ { , , /.) + {A{v^"^) , d/i(^2 + Xam) > 

-{A{v^°^),dix{w,+XAi.o,))) 
= u{wi + Xa(vi),u;2 + Xa{v2)) - {FA{vi,V2),fx) (5.4) 

since A vanishes on horizontal tangent vectors and Fa is horizontal. In particular, we 
see from this formula that the coupling form aA may be degenerate in the horizontal 
direction. In order to make it into a symplectic form on P[M) we therefore have to add 
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on a sufficiently large multiple of the pull-back of the area form dvols along the bundle 
projection p: P[M) S. This leads us to define the symplectic form on P[M) by 

UA := (1 + ca,m) ■ P*dvols + (TA G n\P{M)), (5.5) 

where ca,^! > is a sufficiently large constant defined by the relation 

|(FA(t;i,t;2),/i)g| <CA,f,- |d7r(t;i)| ■ |d7r(t;2)| (5.6) 

for fi,f2 G TP. Note that such constant exists because the curvature Fa is horizontal. 

Lemma 5.2. The form uja is a symplectic form on P{M). 

Proof. It follows from the defining relation (15. 5p that uja is closed since both dvols and the 
coupling form a a are closed. To check that lja is non-degenerate, let [vi, Wi] G T^p^^^P^M) 
and suppose that 

Ua{[vi,Wi],[v2,W2]) = (5.7) 

for all [V2,W2] eTip^^]P{M). 

Assume ffist that V2 = 0. Plugging the explicit Formula (15. 4p into (15.51) we obtain 

Uj(wi+ XA(vi)ix),W2) = UJa{[Vi,Wi],[v2,W2]) =0 

for all W2 G T^M. Since uo is non-degenerate this implies that 

Wi + XAiv,){x) = Q. (5.8) 

Now assume that V2 = {TT*jT.)vi is the horizontal lift of jsdp7r(fi) to TpP, and that 
W2 = 0. Plugging (15.41) into (15. 5p and using (15. 8p and Estimate (15.60 we then obtain 

= -{FA{vi,V2),fi{x)) + {1 + ca,^,) ■p*dvo\s{vi,V2) 

> -Ca,m • |d7r(t;i)| ■ |d7r(f2)| + (1 + Ca,;,) ■ dvols (d7r(t;i), d7r(f2)) 

= -CA,^^ ■ |d7r(t;i)| ■ \ jj:dn{vi) \ + (1 + CA,^,) ■ dvols(d7r(t;i), js d7r(t;i)) 

= |d^(^i)l'- 

It follows that d7r(fi) = 0, whence = 0. Combining this with (15. Sp . we thus obtain 

[Vi,W,] = [v^°',W,+XAiv,){x)] = 0. 

□ 

Next we fix a smooth family J: H —>■ J'o{M,uj) of G-invariant tu-compatible almost 
complex structures on M. We may then use the splitting (15.11) 

TP{M) = TP{Mf°' © TPiMY"'^ 

induced by A to define an almost complex structure on P{M) in terms of the complex 
structure and the family J: S ^ J'g{M,u!) as follows. First, we define an almost 
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complex structure on the horizontal subbundle TP{M)^°'^ . To this end we fix an iden- 
tification TP^°'^ = 7r*TS. The complex structure js then pulls back to a G-equivariant 
complex structure 

7r*js : TP"""' — > TP^°' 

on the horizontal subbundle. This complex structure then induces a complex structure 
jp on the horizontal subbundle TP(M)'^°'' = (TP^°^ x M)/G which in explicit terms is 
given by the formula 

for v^""^ e yphor ggcond, in order to define a complex structure on the vertical subbundle 
TP(My^'^^ we note that the family J: E — > Jg{M,uj) induces a G-equivariant map 

P X TM — ^ P X TM, (p, w) ^ [p, J^^p)w) . 

This map descends to a complex structure Jm on the vertical subbundle TP{My^^^ = 
{P X TM) I G, which in explicit terms is given by the formula 

Ja/[0,u7] = [O, J^(p)u;] 

for p G P and w G TM. We then define an almost complex structure on P{M) by 

Ja := 3P © Jm : TP(M) ^ TP(M), 

where the direct sum is to be understood with respect to the splitting (15.11) . For later 
reference we note that it is given explicitly by the formula 

Ja[v,w]= {TT*h)pV'^°',J^(^p){w + XA^{v){x)) (5.9) 

for [p,x] G P{M) and [v,w] G T[p^x]P{M). This follows directly from (15. 2p . 

Lemma 5.3. The map Ja is an almost complex structure on P{M). 

Proof. This is immediate from the definition of Ja since jp and Jm are almost complex 
structures on the subbundles TP{M)^°' and TP^Mf'^ respectively. □ 

We now begin with the actual proof of Proposition 15. 1[ Let us fix a smooth reference 
connection Aq G A{P) on P. By Lemma 15.21 above, Aq induces a symplectic form ujaq 
on P(M). 

Assertion (i) of Proposition 15.11 is a consequence of the following lemma. 

Lemma 5.4. Fix a smooth reference connection Aq G A{P). There exists a constant 
c > such that the following holds. For every smooth connection A G A{P) satisfying 

the almost complex structure J a is tamed by the symplectic form ujaq ■ 
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Proof. Suppose that [v,w] G TP{M) such that [v,w] ^ 0. We have to prove that 

^Ao{[v,w], Ja[v,w]) > 0. 

By Formula (15. 2p we may without loss of generality assume that v is A-horizontal. Then 
(EHD yields 

Ja[v,w] = [{TT*jj:)v, Jw]. 

Plugging ( 15. 4p into ( 15. 5p . we then obtain 

ujao{[v,w], Ja[v,w]) 
= aAo{[v,w], Ja[v,w]) + (1 + CAo,p,) ■ p*dvo\j:{[v,w], Ja[v,w]) 

= (^Ao{[v,w],[{7t*jj:)v,Jw] 

+ (1 + CAo,m) ■ P*d'^oh{^[v,w], [{lT*jY:)v, Jw] 
= Uj(w + Xao{v), Jw + XAo{{Tr*js)v)) 

~{FA,{v,{n*jj:)v),fx)+ {1 + ca„^) ■ dYoh{d7i{v),jj:dn{v)). (5.10) 

The last two terms on the right-hand side of this equation may be estimated using 
Inequality (15.61) by 

-{Fao {v, (vr*js)^^),/i) + (1 + cao,m) ■ dvo\Y;{diT{v),jj: dTc{v)) 

> -cao.m ■ \ ■ lis dTT{v) \ + (1 + CAa,f,) ■ \d7r{v)f 

> \d7c{v)f. (5.11) 
In order to estimate the first term in (15.101) . we express it in the form 

Uj{w + Xao{v), Jw + XAo{{n*js)v)) = Jw) + Uj{X(_A-Ao{dn{v)), Jw) 

+ Uj{w, X^A~~Ao)ijsd7r{v))) + L^{X(A^Ao)(d7r{v)), X(^A-Ao)ijsd7T{v))) ■ 

Here we used that A — Aq is horizontal and that A{v) = since v is A-horizontal by 
assumption. Now there exists a constant c > 1, not depending on A, such that 

lcO(S)' 
lcO(S)' 

\uj{X^A-Ao){dn{v)),X^A-Ao){jsdn{v)))\ < 2c |d7r(i;)| ■ \hdn{v)\ ■ \\A- Aq 

~ 2 11 I I 2 

= 2c \dn{v)\ ■ \\A - Ao||^o(E)- 

Thus we obtain an estimate 

\u)[w + Xao{v)-, Jw + XAo({-n*jj^)v)) I 

9 II II ~ 211 l|2 

> \w\j-Ac\d'n{v)\-\w\j-\\A-AQ\\^^^^^-2c\d'K{v)\ ■ ||v4 - v4o||^o(s) 



klj- 1 


\A-A^\\ 




\A-Ao\\ 



2 

CO(S) 
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> \w\] - 18c2 \d'K{v)\^ ■ \\A - Ao||^o(s) - I 1^1' - 25 |d7r(t;)|' • \\A - Ao\\%^^^ 

= i \w\]-20d{c-l)-\d7r{v)\'-\\A-Ao\\lo^^y 
Combining this with (15.111) it follows from (15.101) that 

u;ao{[v,w],Ja[v,w]) > ^\w\]+\d7i{v)f ■ (^1 - 20 £ (5 - 1) • || A - Ao||^„(^^) . 



Setting c := 1/a/30 c(c- 1) > we get 



whenever 



ljao{[v,w], Ja[v,w]) > ^ + \dn{v)f^ > 



1^ - ^o||co(s) ^ 



Note that the constant c does not depend on A. □ 

Next we observe that Assertion (ii) of Proposition 15.11 is an immediate consequence of 
the definition of the almost complex structure Ja in (15.91) above. 

Assertion (iii) is the content of the following result. 

Lemma 5.5. Let A G A{P) be a smooth connection on P. Let u: P —>■ M be a smooth 
G-equivariant map with associated section u: T, ^ P{M). If the pair {A,u) satisfies the 
first vortex equation 

dj,A{u) = ^ {dAU + J{u)o dAU o js) = 0, 

then 

^ja(^) = 2 ("^^ + •^^(^) ° o is) = 0, 

that is,u is a (js, JA)-holomorphic curve. 

Proof. First, we express the derivative of the curve u in terms of the derivative of the 
map u. For z G S and v G T^S we have 

du{z){v) = [v,du{p){v)~\ = [v,dAu{z){v)'\ 

ioi p E P such that 7r(p) = 2;, where v G TpP denotes the A-horizontal lift of v. Since 
(A, u) satisfies the first vortex equation, 

J dAu{v) = dAu{{7l*jj:)v). 

Using Formula (15. 9p we therefore obtain 

j^dM(f) = Ja [v,dAu{v)] 

= [(7r*js)t^, J dAu{v)] 

= [{T!'%)v,dAu{{7i*jj:)v)] =du{jj:v). 
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This implies 

'^Ja (^) = 2 l*^^ + •^^(^) ° o is) = 0, 
which proves the lemma. 

□ 

Now we come to the proof of Assertions (iv) and (v). Let A e A{P) be a smooth 
connection and assume that it satisfies \\A — v4o||co(s) < c, where c is the constant of 
Lemma 15.41 above. By Lemma 15.41 the symplectic form ujaq tames the almost complex 
structure Ja- We shall denote by the Riemannian metric on P{M) determined 

by ujao and J a- It is given by 

{[vi,Wi],[v2,W2])j^ := ^(u)Ao{[vi,Wi],Ja[v2,W2]) + UJAo{[v2,W2], Ja[Vi,Wi])^ 

for [f 1,1^1], [^2,^2] £ TP{M). The norm associated to this metric is then given by 

" ^Ao{['",w], Ja[v,w]) 

for [v, w] G TP{M). The next lemma relates this norm with the metric on S determined 
by dvols and js and the metric on M determined by u and J. 

Lemma 5.6. Fix a smooth reference connection Aq G A{P). There exist constants c > 
and Cao > such that for all smooth connections A G A{P) satisfying 

\\A - ^o||c.O(s) ^ c 

the following holds. The Riemannian metric (■, ■) on P{M) determined by ujaq and Ja 
satisfies the relation 

\ (\d^{v)\' + \w\]) < \[vM\], < Cao ■ {\dn{v)f + Iwl'j) 

for all [v,w] G TP{M) such that v is A-horizontal, where it: P H denotes the bundle 
projection. 

Proof Let [v,w] G TP{M) such that A{v) = 0. By (^M) we have 

Ja[v,w] = [(7r*js)f, Jw]. 
Plugging (15. 4p into ( 15. 5p . we obtain 

uao{[v,w], Ja[v,w]) 
= ujao{[v,w], Ja[v,w]) + (1 + CAo,p,) ■ p*dvoh{[v,w], Ja[v,w]) 
= ujAo{[v,w], [{Tc*jj:)v,Jw]) + (1 + cao,m) ■ P*dvoh{[v,w], [{■iT*jj:)v, Jw]) 

- {Fao{v, {n*jj:)v),iJ,) + (1 + Cao,/.) ■ dvols(d7r(t;),j2 dTT{v)) 

= Uj{w,Jw) +Uj(Xau(v),J'w) + Uj{w,XAo{(7T*js)v)) + Uj{XAo{v),XAo{(7T*j^)v}) 
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- (^Ao(^, (7r*jE)^^),/i) + (1 + Cao,/.) ■ dvolE(d7r(f),j2 d7r(f)) 

- {Fa,{v, {7C*Jj:)v),fl) + (1 + CA,,,) ■ \d7c{v)f (5.12) 

Then by Inequality (15.61) . 

\{Fao{v, {7r*jj:)v),fi)\ < cao,/, ■ \d7T{v) \ ■ \ jj:d7r{v) \ = cao,^ ■ \d7r{v)f . 
Moreover, there exists a constant Ci > such that 

\uj{X^A-Ao){v),Jw)\ < Ci-\d-K{v)\-\w\j-\\A- Ao\\^,o(^j:y 
\uj{w,X(^A-Ao)ijj:dn{v)))\ < Ci-\d7T{v)\-\w\j-\\A- AoW^o^^y 
\uj[X(_A-Ao){dn{v)),X(^A-Ao)Usd7^{v)))\ < ■ \d'K{v)f ■ \\A - Ao||^o(s)- 

Plugging this into (15.121) and using Young's inequality we obtain estimates 
ujao{[v,w], Ja[v,w]) 

> \w\l - 2ci ■ \dTT{v)\ ■ \w\j ■ \\A - ^o||c.o(s) ~ ■ |d7r(f)|^ ■ - ^o||^o(s) + 



> I + (l - (2c? - 1) ■ \\A - Ao||^o(s)) ■ 



2 



and 



ujao{[v,w], Ja[v,w]) 

< \wfj + 2ci ■ |d7r(f)| ■ \w\j ■ \\A - ^o||co(s) + ■ |dvr(t;)|^ ■ - ^u||f;o(s) 



|2 



|2 



+ 2cAo,M ■ |dvr(t;)|' 
< 2 \w\l + (l + 2cA,,^ + {cj + 1) ■ \\A - Ao||^o(s)) • 
Whence there exists a constant C^o > such that 

ujao{[v,w],Ja^[v,w]) > i ■ {\w\l + \d7i{v)f) 

and 

^Ao{[v,w],Ja[v,w]) < Cao ■ {\wf + \d7r{v)f) 
whenever \\A — Ao||co{s) is sufficiently small. Thus, taking c to be the constant of 
Lemma 15.41 and shrinking it if necessary, the lemma follows. □ 

We are now ready to finish the proof of Assertions (iv) and (v) of Proposition 15.11 

Lemma 5.7. Fix a smooth reference connection Aq G A{P), and let Caq be the constant 
of Lemma \5.6[ There exist constants tq > and 6,C > such that for all vortices {A, u) 
satisfying 

where c is the constant of Lemma \5.6\ the following holds. 
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(i) The energy of the curve -u: S ^ P{M) and the Yang-Mills-Higgs energy of the 
vortex {A, u) are related by 

(ii) For all G S and all < r < tq, the curve £t: S ^ P{M) satisfies a mean 
value inequality of the form 

C 

Ej^ {u; Br{zo)) <6 =^ \du{zo)\]^ < ^ ■ Ej^ {u; Br{zo)) + C. 

Proof. We first compare the Yang-Mills-Higgs energy of the vortex [A, u) with the energy 
of the curve u: S P{M). For z G S and v G T^S we have 

du{z)(v) = [v,du{p){v)~\ = [v,dAu{z)(v)'\ (5.13) 

for all p G P such that tt{p) = z, where v G TpP denotes the A-horizontal lift of v. By 
Lemma 15.61 and Formula (15.131) we have an inequality 



^{\vf + \dAu{v)fj) < \du{v)\]^ < Ca, -{ivf + ld 



for all V G TS, where Caq is the constant of Lemma 15. 6[ Rewriting this in terms of 
operator norms we therefore get an estimate 

i(l + \dAu\fj < \du\]^ < Cao ■ (l + IdA^l'). (5.14) 

Before we go on, let us briefly recall from Section [1] the definition of the energy and 
Yang-Mills-Higgs energy. For an open subset t/ C S, the energy of the curve u on U is 
given by 

Ej,iu;U) = ^J^\du\]^dYoh, 
and the Yang-Mills-Higgs energy of the vortex {A, u) on U is given by 

EM, u-U) = \j^(^- \dAu\] + \^^{u)\^^ dvols . 

To prove part (i), we use Inequality (I5.14p to estimate the energy of the curve u in 
terms of the Yang-Mills-Higgs energy of the vortex [A, u) by 



E.j^{u) = IdwlJ^dvols 

1 + Id^wl dvols 



Cao ■ Q \(^Au\l + |/i(M)|^^ dvoli 



Cao 



jj2\ii{u)\^ -l) dvols 
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< Cao-Ej{A,u) + Cao- 
= C^,- (Ej(A«)+Vo1(S)). 

This proves (i). 



dvols 

s 



To prove Assertion (ii) we now fix zq G S. By Corollary 12.21 there exist constants 
^ > 0, C" > and R> such that for all < r < i? the vortex {A,u) satisfies the a 
priori estimate 

We set 

Note that K is finite by compactness of M. We then define the constants 6 and C by 

h 



E{A,u;Br{zo)) <h =^ -\<\au{zq)\] + \^i{u{zq))\^ < — ■ E{A,u; Br{zo)) . (5.15) 



' 4 



>0 and C:=ACao-{1 + C')-(i + K- snp Y^M^^] 

\ o<r<fl J 



where Caq is the constant of Lemma \5M Recall that Br{zo) denotes the closed geodesic 
disc in S around Zq of radius r, understood with respect to the metric determined by the 
area for dvol^ and the complex structure js- Further, fix a constant < tq < -R such 
that 

Vol(5.(zo)) < ^ 

for all < r < Tq. 

Assume now that r < Tq and 

Ej^{u;Br{zo)) <5. (5.16) 
We then obtain from (15.141) the inequality 



Ej^{u; Br{zo)) = \ 1 IdulJ^dvols 

> - j (i + |d^«i;)dvois 



= \ l fl|d^«|^, + |M«)|^)dvol^ 

-\\ (2|M«)|^-l)dvols 
> ^Ej{A,u;Br{zo)) - ^K -VoliBrizo)). 

We have thus proved that 

Ej{A,u;Brizo)) < 2Ej^(m; 5,(zo)) + K ■ Vol(S,(^o)). (5.17) 
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Hence by f l5.16p . 



Ej{A,u;Brizo)) < ^ + K ■ Vo\{Br{zo)) . 



Since r < ro it follows from the definition of tq and the last inequality that 

Ej{A,u;Br{zo)) < h, 
so the a priori estimate ( IS.lSp implies 

i|dAM(zo)|j + |Ai(M(2o))|^ < ^ ■ Ej{A,u;Br{zo)). {5.1t 
Combining this with the second inequality in (I5.14p we get 
|dM(zo)|^^ < Cao ■ (^1 + |dAM(zo)|j) 

<2Cao- (^\(^Auizo)\] + \fi{u{zo))\'^^ +Cao 

<^^L^ . Ej{A,u;Brizo)) +Ca,. 
Once again applying Inequality (15.171) we obtain 

<'^^-EjJu;B,.{zo))+C. 

This proves (ii). □ 
We have now completed the proof of Proposition I5.1[ 

5.2. Bubbles connect revisited. The aim of this subsection is to prove Proposi- 
tion 15.81 which collects some preliminary results that will be needed to carry out the 
bubbling analysis in the construction of the limit polystable vortex in the proof of Theo- 
rem ll.Sl in Section [5l3l Basically, what we do in Proposition 5.8 is tailor Propositions 4.7.1 
and 4.7.2 in [16] to our situation, the main difference being that we assume convergence 
of the almost complex structures only in the C°-topology. 

Throughout this subsection, let (M, u) be an arbitrary compact symplectic manifold. 
Moreover, for zq & C and r > 

Br^Zo) := G C I \z — ZqI < r} 

denotes the closed disc of radius r around zq. We shall denote by J'^{M, u) the space of 
tu-tame almost complex structures on M of class C°. Given an a;-tame almost complex 
structure I G J'^{M, u), we denote by (■, ■)/ the corresponding Riemannian metric on M 
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determined by / and uj. Recall that the energy of an /-holomorphic curve u : -Br(-2o) M 
is then given by 

Ei{u,Br{zo)) = \ I |dM|5, 

see [in], Section 2.2. 

Proposition 5.8. Let (M, cu) he a compact symplectic manifold. Let I G ^^{M^uj) he 
an uj-tame almost complex structure on M of class C°. Suppose that ly G J7^(M, a;) 
is a sequence of uj-tame almost complex structures on M of class C° that converges to 
I in the C^-topology. Fix a point zq & C and a real numher ro > 0. Suppose that 
Uy\ BrQ^zo) ^ M is a sequence of I^-holomorphic curves and u: BrQ{zQ) M is an 
I -holomorphic curve such that the following holds. 

(a) The sequence Uy converges to u in the C°° -topology on every compact suhset of 
Broizo) \ {zo}. 

(b) The limit 

mo := lim lim Ejjuu, Bs{zo)) 

exists and is positive. 

(c) There exist constants S,C > such that for all z G Br^izQ) and all r > with 
Br{z) C -Bro(^o); the curve satisfies a mean value inequality of the form 

Ej^ {u; Br{z)) < 6 =^ 1 1 < ^ " ^riz)) + C 

for every u. 

Then there exist a sequence of automorphisms ip„ G Aut(P^), an I -holomorphic sphere 
w: P"^ — > M and finitely many distinct points Zi, . . . , Zi, Zqo G W'^ such that, after passing 
to a suhsequence if necessary, the following holds. 

(i) The sequence ip^ converges to zq in the C°° -topology on every compact suhset of 
pi \ {z^} ^ C. 

(ii) The sequence 

Vy := UyOil)^: ip-^ [Br„ {zq)) — ^ M 

converges to v in the -topology on every compact suhset o/P^\{zi, . . . ,zi, Zoo], 
and the limits 

rrij := lim lim Ei^iv^] B^[zj)\ 

exist and are positive for j = 

(iii) No energy gets lost in the limit, that is, 

I 

Ei{v) + ^ rrij = mo. 
i=i 

(iv) If V is constant, then i >2. 
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Moreover, bubbles connect in the sense that 

u{zo) = v{Zoo), 

and, for every e > 0, there exist constants So > and vq such that 

<l{z,ZQ) + ([[{iljyY^{z),z^) <5o =^ d{u^{z),u{zo)) < e 
for every u >yo and every z G . 

The remainder of this subsection is devoted to the proof of Proposition I5.8[ Our proof 
is essentially the same as the proof of Propositions 4.7.1 and 4.7.2 in [1^ except for two 
differences, which we now discuss. 

First, the almost complex structures ly and / are only of class C°, and the sequence 
Ip is assumed to converge to / only in the C°-topology ([I6] requires C°°-convergence). 
This will cause problems in all arguments involving the derivatives of ly and /. Now 
the only part of the proof of Propositions 4.7.1 and 4.7.2 where the derivatives of 1^ and 
/ come into play is when the mean value inequality for pseudoholomorphic curves of 
Lemma 4.3.1 in [16] is used. In fact, a careful examination of the proof of Lemma 4.3.1 
in [T6] shows that the constant 5 in the statement of this lemma depends on the first and 
second derivatives of the almost complex structure. Hence the only difference between 
our proof of Proposition 15.81 and the proof of Propositions 4.7.1 and 4.7.2 resulting from 
the lack of regularity of I^, and I is that we cannot apply the mean value inequality of 
Lemma 4.3.1. Instead, as a substitute for this inequality, we have to incorporate the 
Mean Value Inequality (c) into the assumptions of Proposition 15.81 

Second, the Mean Value Inequality (c) in the assumptions of Proposition [53] is slightly 
weaker than the mean value inequality of Lemma 4.3.1 in [16] since it contains an ad- 
ditive constant. Now the only step in the proof of Propositions 4.7.1 and 4.7.2 where 
Lemma 4.3.1 is used is in the proof of Lemma 4.7.3. We therefore need to amend the 
proof of Lemma 4.7.3, using the Mean Value Inequality (c) instead of the mean value 
inequality from Lemma 4.3.1. The result is formulated in Lemma [5.9[ For r < R we 
shall denote by 

A{r,R) := {z eC\r <\z\ < R} 
the closed annulus in C of inner radius r and outer radius R centered at the origin. 

Lemma 5.9. Let {M,uj) be a compact symplectic manifold and let I G J'^{M,uj) be an 
uo-tame almost complex structure on M of class . Fix constants 5, C > 0. Then, for 
every /i < 1, there exist constants Rq, 6o,c> such that the following holds. 

Suppose that < r < R < Rq with R/r > 4, and that u: A{r,R) M is an I- 
holomorphic curve that satisfies a mean value inequality of the following form. For all 
z G A(r, R) and all p > such that Bp{z) C A{r, R), 

Ej{u;Bp{z)) <6 =^ l\du{z)\]<^-Ei{u;B,{z))+C. (5.19) 
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Then if the energy of u is sufficiently small in the sense that 

Ej{u)=Ej{u;A{r,R)) < 5o 

we have estimates 

Ej {u; A{e^r, e-^R)) < c ■ e'^^^ ■ Ej{u) (5.20) 

and 

d{u{z),u{z')) < c ■ (^e"'^^ ■ ^/Ej{u) + (5.21) 

''I 

for log 2 < T < log a/ R/r. 



sup 

z,z'&A{eTr,e-TR) 



Proof. The proof is adapted from the proof of Lemma 4.7.3 in McDuff and Salamon 
Let < /i < 1 be fixed and define c' = c'(/i) := l/Anfi. 

We begin by recalling some notation from [16], Section 4.4. Let B denote the closed 
unit disc in C centered at the origin. For any smooth loop 7 : dB M we denote by 

£(7):= rimiide 

Jo 

its length with respect to the Riemannian metric (■, on M determined by u and /. If 
the length ^(7) is smaller than the injectivity radius of M, then 7 admits a smooth local 
extension u^: B —>■ M such that 

for every 6 G [0, 2tt], and the local symplectic action of 7 is hence defined by 

«(7) := - / u*^. 
Jb 

Note that this does not depend on the choice of local extension as long as the length 
of 7 is smaller than the injectivity radius of M. As we have already seen in Section [2], 
the isoperimetric inequality of Theorem 4.4.1 in [16] continues to hold in our situation 
where the almost complex structure is only of class C^. Since c' > l/47r by assumption, 
we thus have an isoperimetric inequality of the following form: There exists a constant 
< 60 < 6 such that 



%)<47rVC-V^o =^ H-f)\j < c ■ i{-fy (5.22) 

for every smooth loop 7 : dB M. Here 6 and C are the constants from the hypothesis 
of the lemma. 

Now we are ready to start with the actual proof of Inequality (15.201) . For r < p < R 
let 7p : dB M denote the loop defined by 
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for 6 G [0, 27r]. Furthermore, for fog 2 < t < log \/R/r we define a smooth functfon e{t) 
that assigns to every t the energy of the curve u on the annulus A{e^r, e~*i?), that is, 

e{t):=Ejfu;A{e\e-'R))=l [ \du\l 

^ / Z J A{etr,e--tR) 

Note that the condition t < log \/ Rjr ensures that eV < e~*-R. Moreover, we will later 
need the condition t > log 2 in order to be able to apply the Mean Value Inequality 
(15.191) from the assumptions. 

Fix a number log 2 < T < log \/R/r and consider a point z = pe''^ G A{e'^r, e~^R). 
Since T > log 2 it follows that 2r < p < R/2, whence the disc Bp{z) is contained in 
the annulus A{r,R). If Ej{u) < 6o < 6, we may then apply the Mean Value Inequality 
( 15. 191) . obtaining 

l\du{pe'') I' < ^ ■ Ejiu; 5,(2)) +C<^- Ei{u) + C. (5.23) 

Since Ei{u) < 5q we get from this the following estimate for the norm of the derivative 
of 7p in the direction of 0: 

\ip{e)\^ = ■ \du{pe'% <^C-Ei{u) + C-r^<VC- (v^ + r) . 
Next we define 

Rq '■= 

and assume for the remainder of this proof that R < Rq. We then obtain for the length 
of the loop 7p the estimate 

%p)=/ |7pW|,d^<47rv^- v^. (5.24) 

Hence it follows from the Isoperimetric Inequality (15.221) that 

|a(7p)|,<c'-%,)2 (5.25) 

for 2r <p< R/2. 

As in [16], Remark 4.4.2, we denote hj Up-. B ^ M the local extension of an arbitrary 
loop 7p, defined by the formula 

up[p'^') :=exp^^(o)(p'e(^^)) 

for < p' < p and 6 G [0, 2ti], where the map ^ : [0, 2-k] T^^(o)M is determined by the 
condition 

exp^^(o)(e(^)) =7pW. 

Let log 2 < t < log >y R/r, and consider the sphere Vt'- S"^ ^ M that is obtained from 
the restriction of the map u to the annulus A{e^r, e~*R) by filling in the boundary circles 
7etr and 7e-tij with the local extensions Ugtr and Ue-tR- The sphere Vt: S"^ — > M is 
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contractible because it is the boundary of the 3-ball consisting of the union of the discs 
Up-. B ^ M for e*r < p < e~^R. Hence 



= V^UJ = U UJ — U^t.,UJ+ / U^-t^UJ. 

J JA{etr,e~tR) J B J B 

To understand the minus sign on the right-hand side of this identity note that the discs 
Mgtr and Uf.-tji have different orientation considered as submanifolds of the sphere S"^. 
Since the symplectic form uj tames the almost complex structure J, it follows from the 
energy identity from Lemma 2.2.1 in [TBJ that 



U UJ. 

' A{etr,e-tR) 



Ei(u;A{e'r,e-'R)^ = J 

We may therefore write the previous identity in terms of the local symplectic action as 

e{t) = Ei(u;A{e*r,e-^R)^ = -a(7e*r) + a(7e-'/?)- 
Thus, applying the Isoperimetric Inequality (15.241) and Holder's inequality we obtain 

e{t) = -a(7etr-) + a(7e-ti?) 

< C' ■ £(7e'r)' + C ■ £(7e-R)' 

J \%trio)\jde\ +C-U \ie-tR{e)\jde\ 



2 (^J^ ^\du{e're'')\jde^ + ^li^^^ . ^ \du{e-' Re'')\ ^ dO^ 

< 2nc'- Q(eV)2.^'"|du(eVe'^)|5d^ + ^(e-*i?)2.^'"|dM(e-*i?e'^)|5d0^ . 
To estimate this further, recall that 

e{t) = \ f \du\] = \r p r\du{pe'%d9dp, 

whence 

£(t) = --(eV)2 / |dM(eVe^^)|'d^ - -{e-'Rf / \du{e-'Re'')\]d9. 

We see from this computation that the function e{t) is of class in t even though the 
almost complex structure / and hence also the norm | • |/ on M are only of class C°. 
Hence we conclude that 

e{t) < -27ic' ■ e{t). 

Because p = I/A-kc' this implies 

e{t) < -2p ■ 6{t) < 0. 
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Now let log 2 < T < log \J R/r. Integrating this differential inequality from log 2 to T, 
it follows that 

e{T) < e-2M(T-iog2) . ^{\q^2) < e'''^^ e^^ ■ Ei{u). (5.26) 

This proves Inequality fl5.20p . 

We next prove Inequality ( ]5.2ip . starting with the following observation. 

Claim. Let r < pi < p2 < R such that P2/P1 > 4, and set po •= \/p\P2- Let also 
9 G [0,27r]. Then the restriction of the map u to the annulus A{pi,p2) satisfies the 
following estimates. 

(i) //2pi < p < po; then 

|dn(pe^^)|;<^^^- ■E,(«;A(pi,p2))+a (5.27) 

(ii) If Po < P< P2/2, then 

|dn(pe^^)|;<^^^- (-^y ■E,(«;A(pi,p2))+a (5.28) 

Proof of claim. Assume that 2pi < p < P2/2. We then have 

p/pi<p2/p for p < Po 

and 

p/Pi > P2/P for p > Po- 
We distinguish four cases for p. 

Case 1: 2pi < p < 2epi. The disc -Bp/2(pe*^) is contained in the annulus y4(pi,p2). If 
Eiiu) < (5o < 5, we may therefore apply the Mean Value Inequality f l5.19p obtaining 

\du{pe'') \]<^- Ei{u; A{p^, P2)) + C 



In the last inequality we used that p/pi < 2e, whence (p/pi)^'^ < 4e^^. 

Case 2: 2epi < p < po- The disc i?p/2(pe*^) is contained in the annulus A{p/e,ep). If 
Ei{u) < 5o < 5, we may therefore apply the Mean Value Inequality fl5.19p obtaining 

|d^i(pe^^) \]<^.Ei{u- A{p/e, ep)) + C. 
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In order to estimate this further, we apply Inequahty (15.261) to the annulus 

^(eiog(p/Pi)-i . g-iog(p/pi)+i . 3 ^^pI^^ ^pY 

We get 

E(^M;A(e^°s(''/^i)-i ■pi,e-i°s(^/^^)+i -ps)) < e^'^ ■ e-2'^'°s(p/pi) . ^^(y. ^(p^^ p^)). 
Therefore 

< ■ ■E,{u;A{p,,p,))+C. 

Case 3: Po < p < P2/2e. The disc i?p/2(pe*^) is contained in the annulus A{p/e,ep). If 
Ei{u) < 5o < 5, we may therefore apply the Mean Value Inequality fl5.19p obtaining 

|dM(pe^') \]<^-Ei{u- A{p/e, ep)) + C. 

In order to estimate this further, we again apply Inequality (15.261) to the annulus 

^(eiog(P2/p)-i . g-iog(p2/p)+i . 3 ^(p/g^ ^pY 

We get 

E(^u;A(e^°s(''2/^)-^ •pi,e-i°s(P2/p)+i .p^)^ < e^^ ■ c-^^'^^'^^p^'p^ ■ Ei{u] A{pi, p2)). 
Therefore 

|dM(pe*^)|^ < ■ f -^J ■E/(n;A(pi,p2)) +a 

Case 4: p2/2e < p < P2/2. The disc i?p/2(pe*^) is contained in the annulus y4(pi,p2). If 
Eiiu) < 5q < 5, we may therefore apply the Mean Value Inequality ( 15.19P obtaining 

|dM(pe*^) \]<^- Ei{u- A(pi, P2)) + C 

2^1 / \ 2^ 



(^^^ ' ■Ej{u;A{p,,p2))+C. 



^ WCe^ p ( p 



Note that for the last inequality we used that P2/P < 2e, so that {p^l pY^ < ^e^^ ■ □ 
Let now log 2 <t< log(p2/po)- For Po ^ P ^ P2/2, Inequality (15.281) implies that 



18v^- ■ V^/(m; A(pi,p2)) + VC. 
P2 
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For any point sqc*^" such that po < sq < e^*p2 and < 6'o < 27r, integrating the last 
inequahty then yields 

d,(M(po),w(soe'*")) 

< 



PO 



dpu{p)\jdp+ I \deu[sQe'^)\^Ae 
Jo 



+ {so - Po + SqOo) ■ VC 

+e''p2 ■{1 + 2tt)-VC 

= ISVC ■ (^ ^^^[^^l'^ + ■ e'^^^ ■ Ej{u; Aip^, P2)) + p2 ■ {I + 27r) ■ VC 

= ISVC- (^ + 2vr^ ■e->''- ^Ej{u;Aip,, p2))+p2- (1 + 271) -VC. 
Similarly, for 2pi < p < po, Inequality (I5.27P implies that 

\du{pe^') I, < ^ ■ ■ .JEj{u;A{p„P2)) + VC 



= ISVC-^ ■ ^Ei{u-A{p,,p2)) + ^^C, 

and for any point Sie*^^ with e*pi < si < po and < 6*1 < 27r, integrating this inequality 
gives 

d/(M(po),M(sie**i)) 

"PO A'^'l 

|9pM(p)|^dp+ / \deu{sQe'^)\jAe 
Jo 



< 



dp + ^ ' (^^y d^^^ ■ ^E,(n;A(pi,p2)) 

+ (po-Si + Si^i) ■ 

+eVi ■ (27r - 1) • 

= ISVC ■ (^ ^ _ ^ + 27r • e-^*^ ■ ^JEi [u; A(pi, p^)) + p2 ■ (1 + 27r) ■ 
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= 18v^ ■ (^^ + 2nj ■ e-^* ■ ^ Ei {u; A{pi, ps)) + P2 ■ (1 + 27r) • VC. 

This proves Inequality f l5.2ip . □ 

Comparing the statement of Lemma [5^ with the statement of Lemma 4.7.3 in [16] we 
see that there are precisely two differences. For, in Lemma 15. 9[ the annulus A{r, R) is 
assumed to be sufficiently small in the sense that R < Rq, and Inequahty (I5.2ip contains 
an additional additive constant R. 

A careful examination of the proofs of Propositions 4.7.1 and 4.7.2 in [16] now shows 
that Lemma 4.7.3 is used in these proofs exactly three times, once in the proof of 
Lemma 4.7.4, and twice in the proof of Proposition 4.7.1 (see p. 103 in [T6]). 

Let us discuss the proof of Lemma 4.7.4 first. In this proof. Lemma 4.7.3 is applied 
to the /,^-holomorphic curve u,^: A{6'^/p,p) M (we use our notation), where p > 
is sufficiently small and u sufficiently large. Now the Mean Value Inequality (c) in the 
hypothesis of Proposition 15.81 ensures that the curve Ui, indeed satisfies the requirements 
of Lemma 15.91 Then, replacing Lemma 4.7.3 by Lemma 15.91 we proceed in the proof 
of Lemma 4.7.4 as follows. First, we have to assume that p > is such that p < Rq, 
where i?o > is the constant from Lemma 15. 9[ This is no loss of generality since 
we are only interested in the situation where p ^ 0. If 2p < r, then A{5^ /2p,2p) C 
A{5^/r,r). Applying Inequality fl5.2ip to the annulus A{6'^ /2p,2p) with T = log2, we 
obtain constants 6', c' > such that 

E^(2p) < y =^ sup d{u^{z), u^{z')) < c' ■ ^E''{2p) + c ■ p. 

Take the limit z/ 00 to obtain 
E{2p) <5' =^ d(M(p), v{l/p)) = lim d(u,(p), m,((57p)) < c' ■ + c' • p. 

Here we use the notation 

E''{2p) := Ei(u,-A{5''/p,p)) and E{2p) := lim E''{2p) 

u—*oo 

as in [16]. Finally we let p ^ to obtain u{0) = v{oo). The proof of Lemma 4.7.4 now 
proceeds exactly as in [T6]. 

Next we discuss the proof of Proposition 4.7.1. In the proof on p. 103 in [TB] the first 
Estimate (4.7.1) of Lemma 4.7.3 is applied to the annuli A{6'^,6'^), where —>■ 0. 

Since Estimate (4.7.1) is exactly the same as Estimate fl5.20p in Lemma 15.91 above, it 
only remains to verify that Lemma 15.91 does in fact apply to this situation. As already 
explained, the curve Ui, satisfies the assumptions of Lemma 15.91 because of the Mean 
Value Inequality (c) in the hypothesis of Proposition 15. 8[ Moreover, since e'^ 0, and 
as we are interested in the limit z/ — >• cx), we may, after passing to a subsequence if 
necessary, assume that < Rq, where i?o > is the constant of Lemma [5.91 Then the 
proof of Proposition 4.7.1 proceeds as in [16] . 
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Thus we have shown that, with the above modifications, the proofs of Propositions 4.7.1 
and 4.7.2 in [TB] carry over to our situation, and so the proof of Proposition 15.81 is now 
complete. 

5.3. Proof of Gromov compactness. We are now ready to prove Theorem 11.81 on 
Gromov compactness for vortices. Our strategy is to adapt the proof of Theorem 5.3.1 
on Gromov convergence for pseudoholomorphic curves in McDuff and Salamon [T6] . 
replacing the statements of Theorem 4.6.1 and Propositions 4.7.1 and 4.7.2 in [16] with 
the corresponding statements of Theorem 14.11 and Proposition 15. 8[ 

So fix a nonnegative integer n, a smooth family J: S ^ J'g{M,uj) of G-invariant 
tu-compatible almost complex structures on M, and a complex structure and an area 
form dvols on E. Then consider a sequence {A^,u^,Zi,) of n-marked vortices whose 
Yang-Mills-Higgs energy satisfies a uniform bound 

sup E{Ai,, Uy) < oo. 

V 

Our goal is to construct a rooted n-labeled tree T = {V = {OjUVs, A) and a polystable 
vortex 

(A,U, z) = ((A,Mo), {MajoeVs, {^^Q/sjaE/J, {ai,2j}l<i<n) (5.29) 

of combinatorial type T such that the sequence {A^, u^, z^) Gromov converges to {A, u, z) 
in the sense of Definition II. 7[ 
We shall proceed in nine steps. 

Step 1 We fix a root vertex and associate to it the principal component Sq := S. 

Step 2 We apply Theorem 14.11 to the sequence of vortices {A^^Uy). The conclusion 
is that there exists a smooth vortex (A, mq), a real number p > 2, a sequence of gauge 
transformations G ^^'^(P), and a finite set Zq = {d, . . . , (n} of bubbling points on 
So such that, after passing to a subsequence if necessary, 

(i) the sequence g*Ay converges to A strongly in the C°-topology on Sq; 

(ii) the sequence g^^u^, converges to Uq strongly in the C°°-topology on compact 
subsets of So \ 

(iii) for every j G {1, . . . , A^} and every e > such that Be^Cj) H Zq = {(j} the limit 

rrisiCj) := lim E{g*Ay, g'^u^; BeiQ)) 

exists and is a continuous function of e, and 



where h is the constant of Corollary 12. 2( 
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(iv) for every compact subset i^T C So such that Zq is contained in the interior of K, 

N 

E{A,uo;K) +y2m{Cj) = hm E{g:A,, g-^, K) . 

Step 3 We apply Proposition [SH] to the vortex {A, uo). Hence there exists a symplectic 
form ua and an almost complex structure Ja on the compact manifold P{M) such that 
Ja is tamed by uja, and the section uq: Sq ^ P{M) (in the sense of Remark [Oil becomes 
a (jso) JA)-holomorphic curve. 

Step 4 After passing to a subsequence if necessary, we apply Proposition 15.11 to the 
sequence of vortices {g*Ai,,g~^u^). By (i) in Step 2, after passing to a subsequence if 
necessary, the sequence {g^Ai,, g^^Ui,) does in fact satisfy the assumptions of Proposi- 
tion [SUl We obtain a sequence of cu^-tame almost complex structures Ji, := Jg*A^ on 
P{M) that converges to J a strongly in the C°-topology and such that 

(v) the curve g~^u^: Sq P{M) is (jsq, Jj,)-holomorphic for every z/; 

(vi) the energy of the curve g'^Uy satisfies a uniform bound 

s\x^Ej^[g^^Uu) < oo; 

V 

(vii) there exist constants > and 5, C > 0, not depending on i/, such that for 
every v the curve Uy satisfies a mean value inequality of the following form. For 
all £ So and all < r < ro, 

|2 C 

Ej,{g~^Uy;Br{zo)) < S =^ \d{g-^Uy){zo)\j^< —■Ej_^{g-^Uy]Br{zo))+C. 

Note that in order to obtain (vi) we use that sup^ E{Ay,Ui,) < oo by assumption. 

Step 5 We rephrase Assertions (iii) and (iv) in Step 2 above in terms of the energy of 
the sequence g~^Uu. More precisely, we claim that 

(iii') for every j G {1, . . . , A^} and every e > such that Be{C,j) H ^o = {Cj} the limit 

m'^{Q := lim Ej,^{g-\y; B,{Q) 

exists and is a continuous function of e, and 

"^'(0) := limm;^(Cj) > K 

where h is the constant of Corollary 12. 2( 
(iv') for every compact subset AT C So such that Zq is contained in the interior of AT, 

N 

E{A,Uo;K)+y^m'{Q) = lim E{g:Ay, g^'u,; K) . 
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To see this, we first note that, after passing to a subsequence if necessary, it follows as 
in the proof of Theorem 4.6.1 in [TB] that the limit m^(zj) exists and is a continuous 
function of e, for j = 1, . . . ,N. Assertions (iii') and (iv') then follow from Assertions 
(iii) and (iv) in Step 2 once we show that 

^'(Cj) = m{Cj) for j = 1, . . . , A^, 

which we will do now. To simplify notation, we write A^, := g*Ai, and Uu := g~^Uy. Let 
j G {1, . . . , A^} and let e > 0. By definition, the Yang-Mills-Higgs energy of the vortex 
{Ay.iLy) on B^{Q is given by 



^j^|jdvolEo+ / |/i('Ujy)| dvolso, 
and the energy of the curve iiu'. So — ^ P{M) on Bs{(j) is given by 



(5.30) 



Ej^{u,;B,{Q) \du,\] dvolso- (5.31) 



It follows from (15321) and (l57[3D that 



= ujAy [v, d^^u^iv)] , J^_^ [v, d^^u^iv)] 

= \d^^Uu{v)\] + u{XAiv), J d^^Uu{v)) +Uj{d^^U^{v),XA(in'j^^)v)) 

- {Fa{v, (7r*js)5),/i> + (1 + c^,^) ■ |d7r(5)|' . 

for V G TEq, where v G TP denotes the y4,^-horizontal lift of v. As in the proof of 
Lemma 15.61 we further obtain from this the estimates 



\duy{v)\]^ < \d^u^{v)\] + 2c- \v\ ■ \d^u^{y)\]- ||i^ - 



and 



\^A,^A'")Z < \duv{v)\\ + 2c- \v\ ■ \d^^u^{v)\^j ■ \\A^ - A\\^„^^^^^ 



for some constant c > not depending on (A^,, u^). Passing to operator norms, we obtain 
inequalities 

Idw^yl^^ < |d^^u,,|^ + and |d^_^-u,,|^ < |d{i,,|^^ + (5.32) 
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where we abbreviate 

/jy := 1 + 2 ca,iji + 2c ■ |d^^{t,^|^ ■ "^Ay — ^||(^o(So) + ^'^ ' H^*^ ~ ^llco(So)' 
Now we have 

^dvolso = 2c- \\Ay - A\\^^ ■ / |d^_^n,,|^dvolso 

+ [l + 2cA,, + c'-\\A,-A\\l,^^^^yVo\{B,iQ)). 
Taking the hmit — oo, we get 

hm [ U dvolso = (1 + 2 c^,^) ■ Vol (5,(0)) . 

Here we used that Aj, converges to A in the C°-topology on Sg and that 



sup / I d^ Mi, I ^ dvolso < CXD 



since the Yang-Mills-Higgs energy of {Ai,, Uy) is uniformly bounded by assumption. Com- 
bining this with (15.321) . (I5.30p and (I5.3ip we conclude that 



me{Cj) = lim ^ / |d^ M,,!^ dvolso + hm / |/i(M,,) 1^ dvolso 
= m'^iQ) + (l + 2 CA,, + ||/i||eo(M)) ■ Vol(i?.(C,)) 

^'ei(j) = 1™ i /" dvolso 



1 



< lim ^ / |d^ U;,!^ dvolso + lim / \ fi{u y) \^ dvolj^^ 

+ (l + 2c^,^)-Vol(i?,(0)) 

= m,(0) + (1 + 2c^,^) ■ Vol(5,(0)). 

Finally letting e ^ 0, we thus obtain 

m{(j) < m'{Q) and ^'(Ci) ^ ^iCj)- 

Whence m'{(j) = m{Q). This finishes the proof of Assertions (iii') and (iv'). 

Step 6 We prove that the sequence of n-marked J,^-holomorphic curves {g^^Uy, z^) 
Gromov converges to a stable map (u, z) of combinatorial type T = (V = {0} U V^, E, A) 
in the sense of Definition 5.2.1 in [16], except that 
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(viii) we assume that Sq is of arbitrary genus but does not admit any automorphisms 
other than the identity. 

We claim that the proof is the same as the proof of Theorem 5.3.1 in [16], except for 
the modification (viii). In fact, the proof of Theorem 5.3.1 in is based on Theorem 
4.6.1 and Propositions 4.7.1 and 4.7.2 in [TB]. Therefore all we need to do is replace 
the statements of Theorem 4.6.1 with the corresponding statements (i), (ii), (iii') and 
(iv') above, and the statements of Propositions 4.7.1 and 4.7.2 with the corresponding 
statements of Proposition 15.81 applied to the sequence of J^^-holomorphic curves g~^Uy. 
We shall appeal to Proposition 15.81 in the following situation. We take (see Step 4) 

• the compact symplectic manifold (M, tu) to be the manifold {P{M),uja)] 

• the almost complex structures 1^ and / on M to be the almost complex structures 
Jy and J A on P{M), respectively; 

• the sequence of /,y-holomorphic curves to be the sequence of J^^-holomorphic 
curves 

g;\,: So^P(M). 

Note that it follows from (ii), (iii') and Step 4 that the assumptions of Proposition 15.81 
are indeed satisfied by the sequence of Jj,-holomorphic curves g~^Uy. 

So the proof of Theorem 5.3.1 in [TB] carries over except for the modification (viii). 
In our case the principal component Eg will be a distinguished component of the stable 
map u. As a consequence, we have to modify the base step in the induction argument 
in the proof of Theorem 5.3.1 in [16] (see p. 119 in [16]) in the following way. 

We define the set Zi in [16] to be the set 

Zi := Zq = {Ci, . . . , Cat} 
of bubbling points on the principal component Sq obtained in Step 2. Then 

• there exists a positive real number r such that -Br(Cj) H Zi = {Q} for each 
j = l,...,N- 

• there exist holomorphic discs ipj-. C D -B — > -Sr(Ci) ^'^'^^ that (pj{0) = Q for each 
j = 1, . . . , N, where B denotes the closed unit disc. 

Moreover, we define the sequence of automorphisms 0^ of C in [16] to be trivial, that is, 

01 := idc 

for all u. Then it follows from Assertion (ii) above that, for every j = 1, . . . , N, the 
sequence 

{g;\,) o = {g;\,) o ^, o 0^ : 5 ^ P(M) (5.33) 

converges to 

uoOLfj-. B — > P{M) 

strongly in the C°°-topology on every compact subset of the punctured disc B \ {0}. 
Hence we may apply Proposition 15.81 to the sequence of J^-holomorphic curves (15.331) . 
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for j G {1, . . . , A^}. This shows that the inductive step of the proof of Theorem 5.3.1 in 
[TB] is vahd for the sequence of curves fl5.33p . 
It foUows that the sequence {g~^u^, z^) Gromov converges to a stable map 

(u, z) = {uq, {Ua}a£Vs^ {^al3}aE/3, {Oii, Zi}i<i<n) 

of combinatorial type T = (V = {0} U Vs,E,A). This stable map has a distinguished 
principal component Eg corresponding to the root vertex of the tree T. 

Step 7 We define the polystable vortex (15.291) to be the polystable vortex that consists 
of the vortex {A, uq) on the principal component Sq obtained in Step 2 and the stable 
map (u,z) obtained in Step 6. 

Step 8 It follows from the convergence of {glAy,u~^Uu) against {A,u) proved in (i) 
and (ii) in Step 2 and Gromov convergence of the sequence {g~^u^, z^) against the stable 
curve (u, z) proved in Step 6 that the sequence of marked vortices {A^, u^,, z^) Gromov 
converges against the polystable vortex fl5.29p in the sense of Definition 11.71 except for 
the (Energy) axiom. 

Step 9 We check that the (Energy) axiom in Definition 11.71 is also satisfied. In fact, 
since {g~^Uy, z,y) Gromov converges against the stable map (u, z) it follows from Defini- 
tion 5.2.1 in [16\ that 

Ej^{u^) = mo«(u) = lim lim Ej^\g^^u^] B,Xzqo)) 

for every a eVs such that QEa. Here we used that Uq = (g^j^u^) o 0q = g^^u^. On the 
other hand, we know from (iv') in Step 5 that 

E{A,Uq) + lini lim Ej(g;;\^;B^{zo^)) = lim E(g*A^,g^^u^). 

Hence by gauge invariance of the Yang-Mills-Higgs energy we get 

lim E{A^,u^) = E{A,uq) + V Ej^{u^). 

I'— >oo ' ' 

Now we see from the definition of the almost complex structure J a on P{M) in Section [5?T] 
that Ja and J agree on the fibers of P{M). Since the curve maps into the fiber 
P{M)zQ^ over the bubbling point G Sq, it thus follows that Ej^{ua) = Ej^^^{ua)- 
We conclude that 

lim E{A^,u^) = E{A,uo) + V Ej (n„) = E{A,u). 

1/— >oo ' ' 

a G Vs 

This proves the (Energy) axiom. 

Thus, after passing to a subsequence if necessary, the sequence of n-marked vortices 
{Aiy,Uiy,Zty) Gromov converges to the polystable vortex (15.291) in the sense of Defini- 
tion II. 7[ This finishes the proof of the Gromov Compactness Theorem II. 8[ 
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Appendix A. Useful formulas 

In this appendix we provide some basic formulas that are needed for the calculations in 
Section [21 We start by considering almost complex structures on symplectic manifolds. 
For any manifold M we denote by Vect(M) the space of smooth vector fields on M. 

Lemma A.l. Let (M, cj) he a symplectic manifold, and let J he an uj-compatihle almost 
complex structure. Denote hy (-, ■) := uj{-, J-) the Riemannian metric on M determined 
hy uj and J, and let V he the Levi-Civita connection on M associated to this metric. 
Then 

(i) (VxJ)J + J(VxJ) =0 

(ii) J{VjxJ)=VxJ 

(iii) VxiJY) = JVxY + {VxJ)Y 

(iv) {{VxJ)Y, Z) + {Y, {VxJ)Z) = 

(v) {{VxJ)Y,Z) + ((VyJ) Z,X) + {{VzJ)X,Y) = 

for X,Y,Z G Vect(M). Let moreover I G i7°(M, End (TM)) he an arhitrary endomor- 
phism of the tangent hundle of M. Then 

(vi) {CxI)Y = IVyX + (yxI)Y - ViyX 
for X,Y e Vect(M). 

Proof. For (i)-(v), see Lemma C.7.1 in \iQ\. For (vi), see Exercise 2.1.1 in [16]. □ 

Next we specialize to the situation of Section [2l Let G be a compact Lie group with 
Lie algebra g and assume that q is equipped with a G-invariant inner product (•, ■)g. Let 
(M, LV, /i) be a compact Hamiltonian G-manifold with symplectic form u and moment 
map fi: M ^ Q* = Q, where we identify the Lie algebra g with its dual g* by means of 
the invariant inner product on g. The action of G on M gives rise to an infinitesimal 
action of g on M, and we denote by X^ the Hamiltonian vector field on M associated to 
the element ^ G g. We will also us the notation 

k:q^t,m, e^^L.e 

for the infinitesimal action of g on M. 

Let D C C be an open subset of the complex plane. The remainder of this section 
is concerned with differential operators on certain function spaces over D. We begin by 
defining a twisted covariant derivative 

Va: n%D,g) Q\D,q), VaV ■= dr/+ [Ar/] 

acting on smooth g- valued functions on D. It is compatible with the inner product on g 
in the following sense. 

Lemma A. 2. For allrii,ri2 G Q^{D,g), we have 
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Proof. Let v G TD be a tangent vector. By the Leibniz rule, 

d{vi,V2){v) = {drii{v),ri2) + {rii,dr]2{v)). 

Moreover, G-invariance of the inner product on g imphes that 

{[A{v),r],],r]2) + {viAMv),V2]) = 0. 

Combining both identities, the claimed formula follows. □ 

Denote by J{M, oj) the space of smooth cu-compatible almost complex structures on 
M, and fix a smooth family 

J: D — ^ J{M,uj). 

This family gives rise to a family 

(-, ■)j:D3z^ (-, := (-, = ^(■, J,-) (A.l) 

of Riemannian metrics on M . We shall denote the adjoint of the operator Ij^: g — > T^M 
with respect to the inner product (-, ■)g on g and the family of metrics (■, ■) j on M by 

We then have the following formula for the twisted covariant derivative of the moment 
map /i. 

Lemma A.3. Let u G C°°{D,M). Then 

VaKu) = -L* J dAU. 

Proof. The proof is taken from [1], Section 9. Let v G TD be a tangent vector. A short 
calculation shows that 

VA,vf^iu) = d{fi{u)){v) + [A{v),n{u)] 

(A.2) 

= dfi{u)[du{v)) + dfi{u){XA{v){u)) = dfi{u)[dAu{v)). 
Moreover, the moment map property of fi yields 

= cu{X,iu),.J^) 

= d{f,,v),{JO = {dfi{u){JO,^), 
for all T] G n'^{D,g) and ^ G n%D,u*TM). Hence L^ = d/i(n)J, that is, 

df,{u) = -KJ- 

On combining this with ( 1A.2I) . the claim follows. □ 

Next we observe that the family ( lA.ip of Riemannian metrics on M determines a 
family 

V:D9^^V. :=Vj, (A.3) 



GROMOV COMPACTNESS FOR VORTICES 79 

of associated Levi-Civita connections on M . Here is the Levi-Civita connection 

V^: l]°(M,End(TM)) — > i7^(M, End(TM)) 

determined by the Riemannian metric (•, 

Let us fix a smooth connection 1-form A E Q^[D,g) on D. Now A gives rise to a 
twisted covariant derivative 

Va ■■ ^'^{D, u*TM) — > n\D, u*TM), VaC = + V^Xa{u) 

acting on sections of the vector bundle u*TM — > D. In more exphcit terms, this operator 
is given by 

^aC{z) = (V4(z) + {{W,)^^,)XA{u))iz) 
ior z & B. Furthermore, we define a twisted covariant derivative 

6a: Q°(D,Q°(M,End(rM))) — > (D, Q°(M, End(rM))) 
acting on famihes D Q°(M, End(TM)) by 

5aI ■■=dI-CxJ, 

where Cx^^ is the Lie derivative of / along the vector field Xa- In more explicit terms, 
the 1-form 6^-^ is given by 

6a/ iv) = dl{v) - Cx^^Jz 

for z E B and v e T^B. In particular, Lxj^^^^-^z denotes the Lie derivative of the endo- 
morphism in the direction of the vector field Xa(v) on 

The next result collects some basic properties of the operator 6a. 

Lemma A.4. Lei J : D ^ J'{M,uj) be a smooth family of cv -compatible almost complex 
structures on M with associated family of Riemannian metrics (■, ■)j = a;(-,J-). Let 
A e n^{D,Q) be a connection 1-form. Letue C°°{D,M), and let ^i,^ e ft'^{D,u*TM) 

be sections. Then 

(i) J(5aJ) + (6aJ)J = 

(ii) (6, J(6aJ)6> - <J(5aJ)^i,6> = 

(iii) (ei,(6AJ)6>-<(6AJ)6,e2> = 0. 

Proof. First recall that the twisted covariant derivative 6a is defined by 

6a J = dJ - jCxaJ- 

Proof of (i) . This follows from = Id by the Leibniz rule. More precisely, we have 

= d(j2) = (dJ)J + J(dJ) 

and 

o = £x.(J') = (^x.J)J + J(/:x.J). 

Combining both identities, the claimed formula follows. 
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Proof of (ii). For z E B we compute 

= (6W,^.(dJ.)eiW>, = (J.(dJ,)eiW,6(^)>,, 

that is, 

(ei,^(dJ)6) = (^(dJ)6,e2). 

On the other hand note that, by G-invariance of ut, we have jCxa'^ = 0- Using this, we 
get 

-uj{J^i,Cxa^2) 

= 

= -CxMJ^2,^i)) -Uj{j{CxA2),^l) -Uj{j{CxM),^2) 

= (£x,cu)(J6,ei) 
= (ei,J(/:x,J)6). 

The formulas for the Lie derivatives that we used in this computation may be found in 
p!3[ p. 34 and Prop. 3.2(a)]. Combining both identities, the claimed formula follows. 

Proof of (iii). This is a direct consequence of Formulas (i) and (ii) above. For, we have 

= -{J^I,{8aJ)J^2) 

= -((5^7)6,^2) = ((5AJ)ei, 6). 

□ 

The next proposition provides a Leibniz rule for the operator V^. 

Proposition A. 5. Let J: D —>■ J'{M,uj) be a smooth family of uj- compatible almost 
complex structures on M with associated family of Riemannian metrics (■, ■)j = uj{-, J-). 
Let A e fl^{D,g) be a connection 1-form. Let u e C°°{D,M) and let ^ e Q°{D,u*TM) 
be a section. Let I G ^]°(L', il°(M, End(TM)). Then 

V^(JO = /Va^ + (Vd^„/)e + {SaI)C 
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Proof. Let v G TD be a tangent vector. Using the Leibniz rule we compute 

V„(JO = /V,e + (Vd.(„)/)e + dl{v) e 
By Lemma lA.ll (vi) we further have 

Hence we get 

= JV.e + IV^XAi.) + (Vd.(.)/)e + (Vx,,„,/)e + dl{v) e - {Cx,,^,m 
= /(V.„e + V^X^(.)) + (Vd„(.)+x^,„,/)e + (d/(t;) - Cx^,^,l)^ 
= /Va,.^ + (Vd^„(,)/)^ + {8a,J)C 
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□ 



The next proposition makes precise the sense in which the operator Va is compatible 
with the Riemannian metric (■, ■)j on M. 

Proposition A. 6. Let J: D —>■ J'{M,u)) be a smooth family of u- compatible almost 
complex structures on M with associated Riemannian metric (■, ■)j = u!{-, J-). Let A G 
Q^{D,q) be a connection 1-form. Let u G C'^{D,M), and let ^1,^2 G n%D,u*TM) be 
sections. Then 

d(ei,6) = (Va6,6) + (6, Va6) + {J^i, (SaJ)^). 
The proof of Proposition IA.6I is based on the following two lemmas. 
Lemma A. 7. Under the assumptions of Proposition [Agl we have 
d{^i,^2) = (V6,6) + (6, Ve2) + {J^i, (dJ)6). 

R is given explicitly by (^i,.^2)(^) = 



Proof. First recall that the function (^i,.^2): -D 
(^1(2), ^2 (2:)) 2 for z e D. Whence 

d 



d 



(A.4) 



The first term on the right-hand side of this expression is computed using pointwise 
compatibility of the family of Levi-Civita connections with the family of metrics 
onM. So 



_d 

dz 



(V.ei(^'),6(^')>, + (ei(^'),V,6(^')>, 

<v.6W,6W>, + (ei(^),v.6W>,. 
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For the second term we have 



d 



dz' 

z'=z 

= ^^u(z) {il{z), {dJ){z) ^2{z)) 

= {JMz),idJ)iz)Uz)),. 

Combining both results we obtain 

dz{^i,^2) = {^zUz),Uz)), + {Uz),^zUz)), + {JzUz),idJ)iz)Uz)),. 

□ 

Lemma A. 8. Let h G C^(M, R) be a Hamiltonian function on M, with Hamiltonian 
vector field Xh G Cq{M,TM) . Then, under the assumptions of Proposition [X7^ 

Proof. The proof is adapted from the proof of Lemma B.2 in [1]. We first write 

(6, v^^x^) + (V^X,, 6) = {J^i, JVM + {J^M J^2). 

Using the formulas 
and 

JV^.Xh = V^.iJXj,) - (V5,J)X^, 
which hold by Lemma fA.ll fvi) and (iii), and rearranging terms we get 

(6, V^^A,) + (VaX,,6) = {J^uVjM + (V5,(JX,), J6) - {J^i, (Vx, J)6) 

- ((V^ J)X,, J6) + (J^i, (^x, 

We simplify this using 

(J^i, (Vx, = -(^1, ^(Vx,y)6) = (6, (Vx, J) J6) 

from Lemma [A. 1 1 (i). obtaining 

(^1, V^^A,) + (V5,A,,6) = (V5,(JA,), J6) + (J6, Vje,A,) - (((V5,J)A,, J6) 

+ (ei,(Vx,J)J6)) + (^ei,(/:x,y)6). 

By Lemma fA.ll fv). 

((V5,J)A,, J6) + ((Vx,J)J6,ei) + ((Vj5,J)ei, A,) = 0. 

Hence 

(6, V^^A,) + (VaA,,6) = (V5,(JA,), J6) + (J^i, Vj^,A,) + ((Vj5,J)ei,A,) 
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Since is the Hamiltonian vector field of h we liave 

dh = u{Xh,-) = {JXh,-), 
tliat is, JXh = Vh is the gradient vector field of h. But then 

(V^,(JX,),J6) = (VaV/i,J6) 
= Vd/i(ei,J6) 
= Vd/i(J6,ei) 

= (Vje.V/i,ei) = (Vj5,(JX,),6) = (^1, Vj5,(JX,)) 
since the Hessian Vdh is symmetric. Moreover, by Lemma [A.ll (iv). 

((Vj^,J)ei,X,) = -(ei,(Vj5,J)X,). 

Thus we get 

(Ci, V^^X,) + (V^X,, 6) = (6, Vj5,( JX,) - JVj5,X, - (Vj^, J)X,) 

+ (J6,(/:x,J)6). 

Using 

Vj5,(JX;,) - JVj5,X^ - (Vj5, J)X, = 
from Lemma fA.ll fiii) we finally obtain 

□ 

We are now ready to prove Proposition IA.6[ 
Proof of Proposition IA.6t First note that 

(Va6,6) = (V6,6) + (VaXA(M),6) 

and 

(6, Va6) = (6, V6) + (6, V^^x^H). 

Using Lemma IA.7I we may write 

d(ei,6) = (V^ei,6) + (ei, V^6) - ((VaX^(w),6) + (6, Vj^x^H)) 
+ (jei,(dJ)6). 

To compute the third term on the right-hand side of this expression, we note that for 
every tangent vector v G TD, X^(t,)(u) is a Hamiltonian vector field on M along u 
associated to the Hamiltonian function {fi,A{v))g G Cq{M,M.). So Lemma [A. 81 yields 

for V G TD. Whence 
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Rearranging terms we thus obtain 

d(ei,6) = (VAei,6) + (^1, V^6) + {J^i, {dJ-Cx^J)^2) 
= (V^6,6) + (^1, V^6) + {J^u (5aJ)6)- 
This completes the proof of Proposition IA.6I 

We now define a 0- valued bilinear form p : u*TM ® u*TM ^ g on the vector bundle 
u*TM — > D by the relation 

(^,p(ei,e2)>, = (v5.x,(«),6>, 

for ^1,^2 G n^{D,u*TM) and r] E We have the following result. 

Lemma A.9. Let u E C^{D,M), let r] E ^^{D.q) and let i E n^{D,u*TM) be a 
section. Then 

(i) Va Kv - K'^aV = Vd^„X^(u) 

(ii) Va - L:VAe = p{dAU, - L: J(5a 

Proof. Proof of (i). Let v E TD be a tangent vector. Because the Levi-Civita connection 
V is torsion free, we have 

Va,i,(L„?7) - LuVA,vr) 

= V,LuV + ^Xr,{u)X,i.{u) -K{dr]{v) + [A{v),r]]) 

- Lu{dr]{v)) - XiA{v),ri] (u) 

Proof of (ii). Our proof builds on the proof of Lemma C.2 in [4j. Let v E TD be a 
tangent vector. Using Lemmas IA.2I and IA.6I we compute 

{v,VaAKO-K'^a,.0 

= d{r^,KO{v) - {VA,.V,m - (v^K'^aM 
= d{Kr],Oi'v) - {K\/a,vV,0 - {Kv,^A,vO 

= d(L„r7,e)(t;) - {Lu\/A,vV,0-d{LuV,Oiv) + {'^aA^uV),0 - {Kv, Ji^A,vJ)0 

= (VA,.(L„r/) - KVa,.V,0 - (^,L:^(5a,.J)0)- 

We may simplify this further using Formula (lA.Sp . By definition of the bilinear form p 
we thus get 

{v, Va,. - K^aA) = (Vd,„(.)X,(M), e> + (l: j(5a,. J)e> 

= {r],p{dAu{v),0 + KJ{^A,vJ)0- 

□ 



GROMOV COMPACTNESS FOR VORTICES 85 

We close the appendix with Proposition lA.lOl below, which states a Weitzenbock type 
identity for the operator V^. As we shall see, in this context it will be convenient to 
think of the family (1A.3I) of Levi-Civita connections on M in the following way. Fix a 
reference connection Vq on M and write the affine linear space of all connections on M 
as 

Vo + fi^(M, End (TM)). 

Define a map 

V^^ : J{M, u) — > Vo + Vl\M, End(TM)), / ^ V/ (A.6) 

that assigns to every tu-compatible almost complex structure / on M the Levi-Civita 
connection of the Riemannian metric (•,■)/ := The family (1A.3P is then given 

by 

V:D — ^ Vo + ^^^(M,End(rM)), z^Vj^, 

where J: D ^ J'{M,uj) is the fixed family of almost complex structures on M. We 
define the twisted derivative of the family V as follows. Denote by 

dV^^: fi°(M,End(TM)) — > ^]^(M, End (TM)), / dV^^(/) 

the derivative of the map (]A.6I) . and recall that the twisted derivative of the family 
J: D — > i7(M, u) is given by 

SaJ:TD — > n\M, End (TM)). 

We then define the twisted derivative of the family flA.Sp to be the map 

D^V := dV^^ o 8aJ: TD — > n\M, End(TM)). (A.7) 

The evaluation of this differential on a tangent vector v G TD will be denoted by 

D^,^V = dV^^(5^,„j) G n\M,End{TM)). 

Furthermore, we denote by 

R: D 3 z ^ e ^^(M, End(TM)) 

the family of Riemann curvature tensors on M associated to the family of Levi-Civita 
connections (lA.Sp . We shall use the abbreviations 

Va,s := VA,as, Va,* := Va,^*, Vs ■■= dAu{ds), Vt := dAu{dt), 

where ds and dt are the coordinate vector fields on D. 

With this notation we may now state the Weitzenbock type identity for Va- 

Proposition A. 10. Let J: D ^ J'{M,uj) be a smooth family of uj- compatible almost 
complex structures on M. Let A G Q^{D, g) be a connection 1-form. Let u G C°°{D, M), 
and let ^ G Q^{D,u*TM) be a section. Then 

(Va.sVa,* - VA,tVA,s)^ = RiVs,Vt)^ + V^XF^(d,,dt)iu) 

+ {{DA,sV){vt) - {Da,N){Vs))^. 
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Proof. By the Leibniz rule, 

Va,.(Va,^0 = VA,.((V,)A,«,e) +DA^V(dAM(w;,))e 
for z E D, V & TzD and w G Vect{D). Hence 

(Va.sVa,* - VA,tVA,s)e = VA,.((v,KtO - VA,t((v,KsO 

+ ((D^,,V)K)-(D^,iV)(t;,))e. 

By Lemma B.4 in we now have 

□ 
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